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Abstract 

String backgrounds with a local torus fibration such as T-folds are naturally for- 
mulated in a doubled formalism in which the torus fibres are doubled to include 
dual coordinates conjugate to winding number. Here we formulate and explore a 
generalisation of this construction in which all coordinates are doubled, so that the 
doubled space is a twisted torus, i.e. a compact space constructed from identifying a 
group manifold under a discrete subgroup. This incorporates reductions with duality 
twists, T-folds and a class of flux compactifications, together with the non-geometric 
backgrounds expected to arise from these through T-duality. It also incorporates 
backgrounds that are not even locally geometric, and suggests a generalisation of 
T-duality to a more general context. We discuss the effective field theory arising 
from such an internal sector, give a world-sheet sigma model formulation of string 
theory on such backgrounds and illustrate our discussion with detailed examples. 
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1 Introduction 



String theory can be formulated on certain non-geometrical spaces [H [21 HJ [3l O [6] as well 
as the familiar geometric spaces that consist of a manifold equipped with a metric and 
various background fields. An important class of these are the T-folds [U |H] , which are 
spaces constructed from patches of conventional string backgrounds that have transition 
functions that include T-dualities. T-folds can arise from taking the T-duals of conven- 
tional backgrounds, but there are also some non-trivial examples that are not related to 
any conventional background by dualities pQ. 

T-duality is a stringy symmetry acting on spaces which have a torus fibration, so T- 
folds are constructed from patches that are a product of a torus with a patch of a base 
space. The standard rules for T-duality found by Buscher [9] require that the U{lY torus 
action on the fibres be isometric and preserve the background fields. However, there is 
some evidence that there should be a generalisation of T-duality that applies to the case 
of a torus fibration where the torus action is not isometric [TU]. Such a case arises, for 
example, on trying to T-dualise a three-dimensional torus with H-fiux in all three circles 
[3]. More generally, it can take a geometric space or a T-fold to a space with what has 
been called i?-flux [HlIIS]. 

Non-geometric backgrounds cannot be fully understood using supergravity or conven- 
tional world-sheet sigma-models, so another approach is needed. One approach has been 
through the doubled formalism [7]. Conformal field theory on a d- dimensional torus has 
a natural formulation on a doubled space, the doubled torus. States naturally live on the 
2(i-dimensional Narain lattice, labeled by integers determining the momentum and the 
winding number or string charge. The T-duality group 0{d^d\'L) acts naturally on this 
lattice. Fourier transforming the d quantized momenta and d winding numbers gives 2d 
periodic coordinates of a doubled torus T'^'^ which contains the original torus T"^. Act- 
ing with 0{d, d] Z) serves to rotate the physical torus into a different T'^ subspace of the 
doubled torus, which contains all T-duals of the original torus. In this way, T-duality 
can be thought of as changing the choice of T'^ subspace of the doubled space that is 
to be regarded as 'physical'. The name polarisation was suggested in [7j for the choice 
of such a T"^ subspace, in analogy with classical mechanics. The group 0{d,d;Z) acts 
geometrically through large diffeomorphisms on the doubled torus, allowing a T-duality 
covariant formulation. This is then broken when a polarisation is chosen. 

This is the basis for the doubled formalism for T-folds [3 For a T-fold or geometric 
background with a T'^ fibration, the T'^ fibres are replaced by the doubled tori T^'^ and, 
as the group 0{d, d; Z) acts geometrically through large diffeomorphisms on the doubled 
fibres, the result is a T^'^ bundle. If a global polarisation exists, then it leads to a geometric 
background by selecting a submanifold with T'^ fibres, while a non-trivial T-fold arises 
when there is a topological obstruction to choosing a polarisation globally. In such cases, a 
polarisation can be chosen locally in each patch, but the patches do not fit together to form 
a submanifold and there is no global spacetime. In [7j, a world-sheet formulation for strings 
in such spaces was given, based on a sigma-model whose target is this geometrical space 
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with doubled fibres, together with a self-duahty constraint to halve the number of degrees 
of freedom on the doubled fibres. This formulation has the virtue of being manifestly 
duality-covariant, and involves structures that also feature in generalised geometry [T3l 

[Tg. 

In this doubled picture, the extra d coordinates that are conjugate to winding numbers 
are auxiliary and no physical fields depend on them. However, it was suggested in |rOj 
that generalising T-duality to the case without isometrics on the torus would lead to 
configurations in which the background fields have non-trivial dependence on the extra 
dual coordinates in this doubled representation. One of our aims here is to seek a natural 
doubled geometry for such cases. There is some evidence that such more general non- 
geometric backgrounds should arise in string theory. In [15] it was argued that T-dualising 
the NS 5-brane properly leads to a background with non-trivial dependence on a dual 
coordinate, and the physical implications were explored. In [161 Il3 HI]) it was argued 
that this dependence reflected world-sheet instanton effects. In [10] it was suggested that 
backgrounds depending on both spacetime and dual coordinates would arise natually in 
string field theory. 

Our construction is motivated by the so-called twisted torus. Consider a reduction 
with duality twist, i.e. a reduction on a ci-torus to give a theory with a duality symmetry, 
followed by reduction on a further circle with a duality twist. This can be thought of 
as a stringy version [2] of a Scherk-Schwarz reduction [TH] . It was shown in [21 ED] that 
if the duality twist is geometric, then this is equivalent to a compactification on a space 
which is a T'^ bundle over a circle. Such a torus bundle over a circle is parallelisable 
and is in fact a. {d + l)-dimensional group manifold G identified under the action of a 
discrete group T [21]; such a space G/T is sometimes referred to as a twisted torus in 
this context. Moreover, the group G is precisely the Kaluza-Klein gauge group that arises 
from compactification of pure gravity on G/T, as we show in section 2.1. 

More generally, one can consider a reduction in which the duality twist is in the T- 
duality group 0{d,d;Z). Then the doubled formalism is in terms of a T^'^ bundle over 
a circle [71 [22], which is itself a twisted torus given by the identification of a {2d + 1)- 
dimensional group by a discrete subgroup. We will review this construction in detail and 
give some illustrative examples. It is natural to also consider adding a coordinate conju- 
gate to the winding charge on the base circle, giving a {2d + 2)-dimensional space. This 
gives a {2d + 2)-dimensional twisted torus, but one would expect that the extra doubled 
coordinate for the base plays a trivial role, in that nothing depends on it. However, it 
was argued in [TU] that T-duality on the base circle would lead to configurations with 
a non-trivial dependence on this extra coordinate. Moreover, we cannot use standard 
approaches to check this and find the dependence on the dual coordinate. We will here 
construct a natural {2d + 2)-dimensional geometry and attempt to describe different dual 
formulations in terms of polarisations selecting d + 1 of the directions locally. As we will 
see, this does not always lead to even local patches that are patches of geometric back- 
grounds, and moreover there can be an unexpected dependence on the extra coordinate 
doubling the base. 
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The theory that results from such a reduction with duahty twist has a gauge group Q 
which is {2d + 2)-dimensional, as is famihar from the special cases that have a field theory 
truncation in which the dimensional reduction amounts to a Scherk-Schwarz reduction 
[T9j. This suggests considering the {2d + 2)-dimensional group manifold Q identified 
under a discrete subgroup to give a compact twisted torus Q/T. This was first proposed 
in [22] and a related proposal was considered in [23] . This gives a natural geometry which 
includes a circle that is dual to the base. The idea is that choosing different polarisations 
of this completely doubled space should give configurations that are dual to one another. 
These include the duals of the original configuration obtained by acting with 0{d, d; Z) T- 
dualities on the fibres, but also lead to new configurations with non-trivial dependence on 
the dual coordinate of the base by acting with what we refer to as generalised T-dualities. 

In this way, a doubled space which is a twisted torus Q /T is a. natural generalisation 
of the bundles with doubled torus fibres. In this paper we systematically investigate 
the generahsation of the doubled formalism of [7\ to the doubled twisted torus Q /T for 
general groups Q that have a natural metric of signature {D, D). We discuss the spacetime 
picture and give a world-sheet sigma model with such a doubled target space together 
with a constraint that halves the doubled degrees of freedom. The group structure plays a 
vital role in the construction. We discuss the discrete symmetries that replace 0{D, D;Z) 
(where 2D is the dimension of Q) and the dualisations that arise from different choices of 
D-dimensional polarisation. The formalism applies readily to the case considered above in 
which Q is the gauge group from a reduction with a duality twist. It can also accommodate 
the non-abelian T-duality of [23] with Q the cotangent bundle of a group G, or the Poisson- 
Lie duality of [25] in the case in which ^ is a Drinfel'd double. Such non-abelian dualities 
are believed not to be symmetries of string theory |24j but instead relate distinct string 
backgrounds, while the generalised dualities discussed above are expected to be stringy 
symmetries [10]. Thus some care is needed in interpreting the formalism and applying it 
to the general case. However, it is possible that the present formalism may provide new 
insight into non-abelian and Poisson-Lie dualities. 

The plan of the paper is as follows. In the following section we review T-duality twist 
compactifications. The {d+ l)-dimensional internal space is described in terms of the dou- 
bled torus formalism and the doubled twisted torus formalism. The existence of global 
polarisations and the role of T-duality in relating different polarisations is discussed. In 
section three, we apply the formalism of section two to a particular three-dimensional com- 
pact manifold - the nilfold - and discuss how this background, and the dual configurations, 
related to the nilfold by the action of 0(2, 2; Z), may be lifted to and recovered from a 
five-dimensional doubled torus and a six- dimensional doubled twisted torus. Section four 
reviews the doubled torus formalism from the world-sheet perspective, as introduced in [7] 
and a detailed account of how the constraint is imposed in the sigma model theory is given. 
In section five, this sigma model description is applied to the five-dimensional doubled 
torus examples considered, from the target space perspective, in section three. Finally, in 
section six, we introduce a world-sheet description of the doubled twisted torus formal- 
ism. It is shown that the sigma model for the doubled torus introduced in |E] emerges 
as a particular special case and the world-sheet description of the i?-flux background is 
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discussed. 



2 Target Spaces and Doubled Target Spaces 

Consider the theory in {n + d + l)-dimensional spacetime with a metric, two-form gauge 
field -8(2)5 scalar field $ and the Lagrangian 

Cn+d+i = e-^ (^R*l-d$A *d$ - ^G(3) A *G(3)^ (2.1) 

where G(3) = dB{2). The compactification on T*^, using the standard Kaluza-Klein ansatz, 
gives |3T] a massless field theory with gauge group U{lY'^ and a manifestly 0{d, d) invari- 
ant Lagrangian in (n + 1) dimensions 

Cn+i = e-'^ (^R*l + *d^Ad4>+^* G(3) A G(3) + ^ * dM^^ A dMAB 

-^A^AiJ*^^A^^^ (2.2) 

where JF^ = dA^, and are 2(i abelian gauge fields, with d gauge fields coming from 
the off-diagonal parts of the metric and d gauge fields coming from the off-diagonal parts 
of the 2- form gauge field. The scalar coset space 0{d,d)/0{d) x 0{d) is parameterised 
by a symmetric 2d x 2d matrix Mab, satisfying the constraint 

Mab = LAciM-'f'LBD (2.3) 

where Lab is the constant 0((i, (i)-invariant metric, which is used to raise and lower the 
indices A,B = 1, 2d. 

The generators Ta of the U (l)^'' gauge symmetry, consist of Za, (a, 6 = 1,2, ...d) which 
generate the U{lY action on the T"^ fibre, and X", which generate antisymmetric tensor 
transformations for the -B-field components with one leg on the T'^ and the other in the 
external spacetime, so that 

Ta =( il) (2.4) 



In this basis, the 0{d, d) metric is off-diagonal 



L=[[l) (2-5) 



Next, consider a Scherk-Schwarz reduction on a further circle with periodic coordinate 
X ~ X + 1, with an 0{d, d) duality twist around the circle [IS]. The twist is specified by 
N^B, a matrix representation of an element of the Lie algebra of 0{d,d), and the x- 
dependence is given in terms of an 0{d,d) transformation exp{Nx), so that the 0{d,d) 
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monodromy on going around the x circle is exp(A'"). In string theory, the monodromy 
is required to be in the T-duahty group 0((i, d] Z) [20l [32]. The reduced theory may be 
written in a manifestly 0{d + l,d + 1) covariant way 



Cn = e-^ (^R*l + *dipAdip + ^* n^i) A 1-L(3) + \ * DMmn A DM^^^ 

-\Mmn * A + y * 1 (2.6) 



2 

The theory has a non-abelian gauge symmetry, for which the field strengths for the gauge 
connections Ji}^ are JF^. The two-form gauge field 5(2) has a three- form field strength 
7i(3) = dB{2) + ... with Chern-Simons terms. The scalar coset space 0((i + l,(i + l)/0((i + 
1) X Oid^ 1) is parameterised by a symmetric 2((i+ 1) x 2((i+ 1) matrix Mmn-, satisfying 
the constraint 

Mmn = LMPiM-y^LMQ (2.7) 

where Lmn is the 0{d + l,d + l)-invariant metric, which is used to raise and lower the 
indices M,N = 1, ...,2d + 2. It is a constant 2{d + l) x 2{d + l) matrix given by fl275|) . The 
explicit relationship between the fields in the (n -|- l)-dimensional abelian theory and the 
n-dimensional non-abelian theory, along with the explicit form for the scalar potential V 
may be found in Appendix A of [22], or in [33] . 

One effect of the duality twist is to give a non-abelian gauge symmetry. With no 
twist, N^B = 0, this would have given a reduction on T*^"*"^ of the same form as (12.21) . 
with abelian gauge symmetry t/(l)^("'+^) and 2{d + 1) abelian gauge fields A'^^ . The 
generators consist of the 2d generators Ta together with and from the reduction 
on the X circle. With a twist, N'^b 7^ 0, this algebra is deformed to a non-abelian gauge 
algebra of the same dimension, 2{d + 1). The Lagrangian (12. 6p has a gauge symmetry 
with Lie algebra [22] 

[Z,,Ta\ = -N^'aTb [Ta,Tb] = -NabX'' (2.8) 

where Nab = LacX^ b is antisymmetric and all other commutators vanish. Note that 
the Ta no longer generate an abelian sub-algebra. 

Under the decomposition of Ta into Za and the twist matrix may be written as 
(using Nab = -Nba) 

N^^ = ( \ (2.9) 

for some antisymmetric Qx°^ = —Qx^°' and K^ab = —K^ba- The gauge algebra can then 
be written as 

[Zx, Za] = fxa'Zb + KxabX^ [Z^, X"'] = —fxb"'X^ + Qx^'^Zf, 

[Za, z,] = KxabX^ [x^ z,] = -fxb^'x-^ [x^, X'] = g/^x^ (2.10) 
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with all other commutators vanishing. Here K is the if-flux, / is sometimes referred to 
as a geometric flux, and Q is sometimes referred to as a non-geometric flux. 

The matrices of the form (12.91) are the generators of 0{d,d). We will refer to the 
subgroup generated by lower triangular matrices of the form (12. 9p with Qx°'^ = as 
the geometric subgroup A, consisting of GL{d; M) transformations generated by fxa^ and 
B-shifts acting on the fibre components of B, Bab Bab + ^K.j.ab- This has a discrete 
subgroup A(Z) = AnO((i, d] 1). If the twist is in A(Z), then it is geometric, consisting of 
a GL{d; Z) twist acting as a large diffeomorphism of the T'^ fibres together with a discrete 
5-shift. This is equivalent to the compactification with if-fiux on a T'^ torus bundle 
over a circle with monodromy exp{fxa^) EH ESI ES]- For such a geometric twist, this 
compactification space is a group manifold G, identified under a discrete subgroup T C G. 
The group G is usually non-compact, and F is chosen, if possible, to be such that G/T is 
compact. A subgroup F which satisfies this criterion is said to be cocompact. 

2.1 The Pure Gravity Example 

As an illustrative example, consider the pure gravity theory given by setting the 5-field 
and dilaton (p to zero. The monodromy of the reduction is given by (12.90 with Q^"'' = 0, 
Kxab = and fx J' = N^a- The n-dimensional action (12.60 reduces to [19j 

Cn = i?*l-i(?-V'D(^rnpA*D(7„,-i^7„„F'"A*F" + \/*l (2.11) 

The gauge group G has Lie algebra (12. 8p 

[Zx, Za] = -N\Zb [Za, Zb] = (2.12) 

This can be viewed as compactification on a space M that is a T'^ bundle over a circle 
|21] . This compactifying space looks locally like the {d + l)-dimensional group manifold 
G, and is in fact the group G identified under the action of a discrete subgroup F C G 
which acts from the left |21j . 

Dimensional reduction on a group manifold G would give a theory with a gauge sym- 
metry X Gr arising from the isometry group Gz, x Gr of the group manifold, with 
Gl acting from the left and Gr from the right. Identifying under the action of a discrete 
subgroup of F C Gi acting from the left breaks the Gl symmetry, but the Gr isometry 
is left intact, so that the theory has at least Gr gauge symmetry. (Generically, G^ is 
completely broken, but if there is a subgroup commuting with F, it will break to that 
subgroup.) Choosing a vacuum configuration will spontaneously break the gauge sym- 
metry further to the subgroup preserving the vacuum [2T]. The Lagrangian (12. lip is a 
consistent truncation of that obtained from reduction on a group manifold G, in which 
only the gauge fields for Gr are kept, while the ones for Gl are set to zero. As a 
result, it is also a consistent truncation for the reduction on G/F, and contains all the 
gauge fields for the case in which identifying under F breaks all of Gl- 

It is useful to consider a matrix representation of the gauge algebra 

[txM = -N\tb, [taM = ^ (2-13) 
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This algebra can be represented by the {d + 1) x [d + 1) matrices 

where Ca is the d- dimensional column vector with a 1 in the a'th position and zeros 
everywhere else. Coordinates x, z"' can be introduced locally for the group manifold G, 
with the group element g = g{x, z"") G G given by 

'.4K^'^ n (2.15) 



1 

Then the left-invariant Maurer-Cartan forms, P = P'^tm = g^^dg are given by 

p- = rfx P"" = {e^^)\dz^ (2.16) 

The are dual to the left-invariant vector fields 

Z.-l Z.^ie-^^t^l (2.17) 

which generate the gauge algebra fl2.12p and so the gauge algebra is given a geometric 
interpretation by the lift of the n-dimensional theory to a compactification of an (n+rf+l)- 
dimensional theory on a ((i + l)-dimensional internal space. Note that the left-invariant 
vector fields generate the right-acting group Gr. We may also define the right-invariant 
one-forms P = P^tm = dgg"^ 

= dx = dz"- + N\z^dx (2.18) 

which are dual to the right-invariant vector fields 

Z^ = -^- N^z^^ Za = -^ (2.19) 

dx dz^ dz'' ^ ' 

which generate the left-acting group Gl. The full gauge algebra Gl x Gr of the group 
manifold G is generated by the vector fields {Zm,Zm)- The left-invariant Z^ remain 
globally defined after identifying by the discrete group T C Gl, but the Zm generally will 
not be. 

We now turn to the discrete subgroup T. The torus bundle over a circle is obtained 
from the compactification of this non-compact group manifold under the identification by 
a discrete subgroup F, acting from the left. The left action of 



[2.20) 



IS 

g{x,z'^)^hia,n- 9(^,^1 (2-21) 
and acts on the coordinates through 

x^x + a z" ^ (e-^")^/ + p'' . (2.22) 
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The discrete subgroup is F = {h(a,P"-) G Gl | G Z} and we can identify the group 
manifold G under T. This gives a compact space G/T [2T] . 

In this example we have seen that the lift of the n-dimensional theory to a. {n + d + 1)- 
dimensional compactification led to a geometric interpretation of the gauge algebra (12.121) . 
In the following sections we extend this idea and construct backgrounds on which a part, 
or all, of the gauge algebra (12.81) has a natural geometric action. In particular we shall 
be interested in generalising the above discussion to compactifications involving a -B-field, 
and to non-geometric compactifications. 

2.2 T-Folds and the B-Field 

Reduction on T'^ followed by reduction on with a GL{d,'L) twist is, as we have seen, 
equivalent to compactification on a T'^ bundle over a circle, which is also a twisted torus. 
In string theory, however, the twist on the can be by any element of 0{d,d;7j). For 
twists in the geometric subgroup A(Z), this is equivalent to reduction on a twisted torus 
with flux. However, for twists involving T-duality the result is not equivalent to reduction 
on any geometric space with flux, but can instead be viewed as reduction on a T-fold, 
a non-geometric space with transition functions including T-dualities |7]. Locally, these 
look like T"^ bundles, but the transition functions between the fibres on overlaps of patches 
on the base include 0{d, d; Z) transformations. These twisted reductions over a circle are 
among the simplest examples of T-folds. 

2.3 The Doubled Torus 

Conventional reduction on T'^ with coordinates 2" gives a theory with 0{d, d) symmetry, 
and this symmetry can be made manifest in a doubled formalism in which an extra d coor- 
dinates Za that are conjugate to the d winding numbers are introduced, to give a doubled 
torus T^'^ [7J with periodic coordinates = {z"',Za)- As reviewed above, the reduction 
with a twist by a GL{d, Z) torus diffeomorphism is equivalent to compactification on a 
space which is a T"' torus bundle over a circle. More generally, a non-geometric reduction 
with twist in 0{d,d]'Z) can similarly be represented as a reduction in the doubled for- 
malism on a T'^'^ bundle over 5*^ with monodromy in 0{d, d; Z). This representation gives 
the monodromy a geometric interpretation as an element of the T^"^ mapping class group, 
as 0{d,d\'L) C GL{2d\'L). In general, the data specifying a T-fold over a base M also 
specifies a doubled torus bundle over M with fibres T^'', and the T-fold reduction can be 
re-expressed as a compactification in the doubled formalism on the doubled torus bundle 
over M [7j. 

For the twisted reduction on a circle, the T'^'^ has coordinates X"^ and the base has 
coordinate x, while the set oi2d+l natural one-forms on the corresponding doubled torus 
bundle over the circle are 

= (e^^')^^c/X^ P'= = dx (2.23) 
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These generalise the one-forms f l2.16l) . This (2c? + l)-dimensional space T^^+i is a T^*^ 
bundle over S^: 

i 

The local description of the background in terms oi d+1 coordinates is recovered from 
the duality-covariant doubled torus picture by choosing a polarisation [7J, which selects d 
coordinates z"- from the 2d coordinates for each point on the base as coordinates on 
the physical spacetime. 

More generally, consider a T^'^ bundle over a base M (in the examples considered above, 
M is a circle). In a patch Ua of the base M (where Ua is open and contractible), the 
background looks like Ua x T^'^. To recover the theory in the physical {d + 1) -dimensional 
space, we choose a projection which determines which d of the 2d coordinates X"^ will be 
treated as spacetime coordinates and which d coordinates will be treated as conjugate to 
the winding modes. In the T^*^ fibre over the patch Ua, a polarisation is specified by a 
constant projector IIq where 11^ : Ua x T^"^ ^ Ua x T'^, which selects coordinates z"' on a 
T'^ sub-manifold of T^'^: 

z" = n%X^ (2.24) 

The physical space with coordinates z'^ is required to be maximally isotropic with respect 
to the 0{d, d) metric Lab 

L^^nA^Hs^ = (2.25) 
It is useful to define the complement 11 which projects onto the auxiliary coordinates 

~Za = UaA^^ 

It is also useful to introduce the polarisation tensor 




so that 

x^ = e^AX^ ( f ) ^^'^^^ 

For each point on the base, the fibre geometry is encoded in a 'generalised metric' 
M.AB-, which is a symmetric 2d x 2d matrix satisfying the constraint (12. 3p so that it 
parameterises the coset space 0{d,d)/0{d) x 0{d). Given a polarisation, the metric gab 
and 5-field Bab on T'^, in each patch Ua, are given by 

(^-1)^^ = 0\(^-i)^^0B^ (2.27) 
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where 



(„a6 TJ „ac \ 

B a /a^B B ) ^'-''^ 

—iJacQ gab + g ^ac-Dbd J 

The key point is that backgrounds can be considered in which different polarisations 
are used in different patches, although they are constant in each patch. We then consider a 
covering by such patches \Ua xT^''}, each with an associated projector IIq,. The transition 
functions on the overlap between patches Va and t/g are elements o 
If the {?7a X T*^} patch together with transition functions in the geometric subgroup 
A(Z) IX UiV)'^ of 0{d, d; Z) ix [/(l)^"', then the physical space, given this choice of polari- 
sation, is geometric. This is sufficient for the projector 11 onto the physical subspace to 
be globally defined, but this is not sufficient for the complement 11 to be globally defined; 
this will also be well-defined if in addition i^' = so that is block diagonal. If the 
transition functions are not all in the geometric subgroup, then the space is a T-fold. 

The transition functions can be viewed in two ways [7J. They can be regarded as 
active, with the polarisations defined globally = 11^ and on the overlap Ua H t/g the 
coordinates related by = {hajsY j^'p + where h^js G 0{d,d]Z) and aa/s € ?7(1)^'^. 
Alternatively, they can be regarded as passive, with the transition function acting on the 
polarisation 9q, = h'^Qp and the coordinates unchanged, = X/?. We will mostly use 
the passive viewpoint in this paper. 

In the examples above with a circle base, the structure is encoded in the monodromy 
of the duality twist reduction. First let us consider the active perspective. With the 
identification x ~ x + 1, the monodromy in the fibre coordinates is given by 

X^~(e-^)^^X^ (2.29) 
In particular, using the global polarisation, this implies 

z'^ ^ {e~y + {e-y ~z, (2.30) 

so that, if Qx"''^ 7^ then (e^)"^ 7^ and the monodromy will mix z"" with the Za- Then the 
physical space will be non-geometric. From the passive perspective, it is the polarisation 
which is not globally defined so that if Qx""^ 7^ no global polarisation will exist. 

Next we consider the issue of the geometrisation of the gauge algebra. The vector 
fields dual to the one-forms fl2.23p are 



^.-(^--r.glj (2.31) 



These generate, not the gauge algebra (12.81) . but a sub-algebra of a contraction of it, given 
by 

[Zx, Ta] = -N^aTb [Ta, Tb]=0, (2.32) 



^0{d,d;Z) is the group of large diffeomorphisms of T^'^ preserving Lab and is the natural 

torus action on T^'*. 
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so that, even though the generators have a geometric action as generators of transla- 
tions along the T^"^ fibres, the gauge algebra (12. 8p of the n-dimensional theory does not 
have a fully geometric realisation in the doubled torus picture. In particular, the generator 
does not have a geometric action on the space. This should not come as a surprise. 
The symmetries relating to the components of the i?-field along the T'^ directions have 
been given a geometric interpretation by doubling the fibres of the torus, but the 5-field 
transformation along the base (generated by X^) does not have a geometric interpretation 
in the doubled torus formalism, as the x coordinate is not doubled here. 

The doubled space T is in fact a twisted torus of the form T = Q /T where the {2d+ 1)- 
dimensional (non-compact) Lie group Q is generated by the Lie algebra (I2.32p and F is a 
discrete subgroup of Q acting from the left. The elements of this discrete subgroup are 
labeled by integers a, and act on the coordinates as 

x^x + a ^ (e^^")^BX^ + /?^ (2.33) 

Taking the left quotient by F fixes the global structure of T. 

2.4 The Doubled Twisted Torus 

In the reduction of pure gravity reviewed in section 2.1, the reduction with a twist by a 
large diffeomorphism of the torus is equivalent to a reduction on a twisted torus. The 
gauge group is {d + l)-dimensional, and the internal space is the twisted torus given by 
identifying the group manifold of the gauge group under a discrete subgroup. The gauge 
symmetry then has a manifest geometric origin as the isometry group of the internal 
space. For the reduction of string theory with an 0(ci, d] Z) twist, it was proposed in [22] 
that the full 2{d + l)-dimensional gauge group be given a geometric representation as 
transformations on a 2{d + l)-dimensional space. This involves doubling the coordinate 
on the base circle, introducing a coordinate x conjugate to the winding number on the 
x-circle, as well as doubling the d fibre coordinates, as in the doubled formalism reviewed 
above. The doubled space is essentially the group manifold of the gauge group, compact- 
ified by identifying under a discrete subgroup, i.e. it is a twisted torus X = Q /V where 
Q is the {2d + 2)-dimensional group manifold for the group generated by the Lie algebra 
elements satisfying (12.81) and F is a (discrete) cocompact subgroup, acting from the left, 
which contains information on the global structure of X . 

The idea [22] is, then, to seek a doubled space in which all the gauge symmetries are 
realised as geometric symmetries, and then discuss the way the local spacetime picture 
emerges from choosing a polarisation. In the doubled torus picture, choosing different 
polarisations gives the various T-dual backgrounds. However, in the doubled torus, the 
only directions which are doubled are torus fibres, while here the base circle is also doubled. 

This gives a general framework in which there is a doubled space that is locally a group 
manifold. This has been motivated by the case of reductions with duality twists, in which 
different T-dual backgrounds arise from different physical slices or polarisations of this 
doubled space. This formalism can be applied more generally to theories in n dimensions 
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similar to those discussed above with a 2D-dimensional gauge group Q with Lie algebra 
[Tm, T/v] = tuN^Tp where the structure constants tuN^ generalise those of (12.81) . Then a 
natural framework [22] is to consider a doubled internal space given by a group manifold Q 
of dimension 2D, or the 'twisted torus' X = Q /T for some discrete F. When possible, it is 
natural to choose F so that X = Q /T is compact. If the n-dimensional theory arises from a 
compactification, then the compactifying space will D-dimensional polarisation 

of X . We will in addition require that Q preserve a metric Lmn of signature (D, D) so 
that Imnp = thiN^Lqp is totally antisymmetric. Generally Q will be the semi-direct 
product of a subgroup of 0{D, D) and a group that does not act on the metric Lmn- 

In some cases, different polarisations will give T-dual backgrounds, and these cases will 
be our main focus here. However, this more general framework encompasses cases where 
different polarisations give inequivalent string backgrounds (i.e. the corresponding sigma- 
models define distinct conformal field theories). For example, a non-abelian generalisation 
of T-duality was proposed in [37] and further generalised to Poisson-Lie duality in [25] . 
These give transformations between related backgrounds, but which are not equivalent 
string backgrounds [21]. The doubled twisted torus X in some cases includes different 
backgrounds related by Poisson-Lie duality as different polarisations of a doubled twisted 
torus, and the framework also proposes a generalisation of Poisson-Lie duality to include 
H- and i?-fluxes. We will discuss briefly these more general cases here, and further details 
will be given in [5B] . 

Let us return to the specific class of examples arising from reduction with a duality 
twist, with gauge algebra (12. 8p . The Lie algebra (12.81) can be represented in terms of 
operators acting on the 2{d + 1) coordinates {x,x,X^) of the doubled twisted torus X, 
where are the coordinates on the doubled torus fibre T^'^, as 

Z^ = -^ + N^sX^-^ X" = ^ TA = dA--NABX^^ (2.34) 
dx dx ^ 2 dx ^ ^ 

Then generates translations along the new coordinate x. The left-invariant one-forms 
dual to these vector fields satisfy the Maurer-Cartan equations 

dV^ - N^bP'-" AV^ = dQ^- ^NabV^ AV^ = rfP^ = (2.35) 

which are solved bj@ 

_ |^^Nx^^A ^^j^B Q^^dx + ^NABX^dX^ = dx (2.36) 

It is useful to introduce Q Lie algebra indices M, iV = 1, 2, ...2d + 2 so that the gener- 
ators Tm are 

^Note that a coordinate redefinition, as described in [22] has been used to simpUfy the expressions for 
the one-forms. 
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and the Lie algebra can be written as 

[TmiTisi] = tMN^Tp (2.38) 

For the 0{d,d\'L) duahty-twist reductions, the only non-vanishing components of the 
structure constants Imn^ are 

txB^ = —N'^B, ta:[AB] = —NaB (2.39) 

and those related to these by symmetry. The dual one-forms (12.361) on X can then be 
written as P*^ = P^^/rfX^, where I,J= 1,2, ...2d + 2 coordinate indices on the group 
manifold Q and twisted torus X. These one-forms satisfy the Maurer-Cartan equations 

dV""' + ^tNP^'V' A = (2.40) 
so that the space is parallelisable. 



2.4.1 Geometry 

To formulate dynamics, we introduce a positive definite 'generalised metric' TCu and 
three-form /C on the doubled twisted torus X = Q/T, in addition to the metric L of 
signature {D, D). For cases leading to actions of the form (12.61) in which the scalar fields 
are given by the 2D x 2D matrix M.mn which is independent of the coordinates on X, 
one can naturally define the line element and three-form /C on A' by 

ds^ = HijdX^ ^dX-^ /C = -tuNpV^' AV^ AV^ 

6 

where the metric Tijj is given by 

Hi J = MmnV'iV'j 

As we shall see in section 4, these can be used to define a sigma-model on X with kinetic 
term determined by Tiu and a Wess-Zumino term given by /C, and the normalisation of 
/C is fixed by the requirement that there be a self-duality constraint that can be imposed 
on the world-sheet fields. The constant matrix Lmn similarly defines a metric L/j of 
signature (D, D) by 

Lij = Lmn'P'^^ iV^ J 

Then 

nij = LjK{n-Y''LLj (2.41) 

Coordinate systems in which Ljj is a constant matrix given by (12.51) are particularly 
natural, and in such a coordinate system "P*^/ is a matrix in 0{D, D). 
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2.4.2 Polarisation 



In the doubled torus construction, a polarisation was chosen to specify a physical subspace, 
at least locally. Our aim here is to generalise this to the curved case but, as we shall see, 
there are new issues that arise. In this subsection, we will consider polarisations for twisted 
tori constructed from general 2£)-dimensional groups Q preserving the metric Lmn- We 
will start by considering polarisations on a general, possibly non-compact, group manifold 
Q, then discuss the structures they give rise to on factoring by a discrete subgroup to give 
a (compact) twisted torus G/T. 

A natural extension of the polarisation 11"^ used in the doubled torus formalism is 
to introduce a projector 11"*^ (with m, n = 1,....,D) mapping onto a D-dimensional 
subspace of the 2D dimensional tangent space, which is totally null (maximally isotropic) 
with respect to the metric Lmn, i-e. 

iMN-^m^YT'j^ = (2.42) 

Introducing such a projector at the identity element of the group manifold then defines 
one everywhere; in a natural basis, the projector is constant over the manifold. As before, 
the complementary projector is denoted by HmM- We say that a subgroup of ^ is 
isotropic or null if all of the vector fields on Q generating H are null with respect to Lmn, 
and if the dimension of is D, half that of Q, then we say that it is maximally isotropic. 
The polarisation splits the tangent space into two halves, and we will consider the case 
in which the frame components 11"*^ are locally constant, i.e. there is a constant matrix 
^^)M G^ch patch Ua oi Q, but there can be different polarisation matrices in different 
patches. 

The polarisation projects the left-invariant generators Tm of the right action Qr into 

Z-pT jMNrp \rm Tim jMNrp /r) Arj\ 

m — '-'-mM-L' J-N, ^ — -li M-Li J- N l^-^'jj 

There is a corresponding spht of the dual one- forms into P"^ and Qm- If we denote the 
right- invariant generators of the left acting group by Tm, then the polarisation projects 

= n^M^*"^TV, X"' = H^mL^^'Tn (2.44) 

and these right-invariant generators play an important role here. (Recall that on the 
doubled group manifold Q, both sets Tm and Tm are globally defined, but on the doubled 
twisted torus X = Q/T, where F acts from the left, generally only the left-invariant 
vector fields Tm and one-forms V'^ will be globally defined.) The gauge symmetry acts 
through the right action of Qr, so we will focus on the ^/j-invariant generators Tm, which 
at any given point gives a ^^-invariant basis of the tangent space that is split by the 
polarisation into the vectors Z^, X'^. The issue is then whether the spht of the tangent 
vectors defined by the polarisation can be used to define a D-dimensional submanifold (at 
least locally) which can be viewed as a patch of spacetime. This will be the case provided 
the distribution defined by the set of D vector fields X"^ is integrable, as we shall now 
discuss. 
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An important case is that in which the X™ close to form a D- dimensional sub-algebra 

=t"^%XP (2.45) 
which requires that the structure constants and polarisation tensor satisfy 

n^'ptMiv^n'^^^n"^ = o (2.46) 

Then, by Frobenius' theorem, the distribution defined by the D vector fields is inte- 
grable so that the polarisation defines a submanifold locally. For this group manifold case, 
it in fact specifies a submanifold globally. The generate a D-dimensional subgroup 
G of ^. This acts on Q through the left action Gl C Ql and the submanifold selected by 
the polarisation is the Z)-dimensional left coset Q/Gl- There is a natural action of Qr on 
this coset Q/Gl, generated by and X™. An interesting special case is that in which 
the X's generate a subgroup Gl and the Z's also generate a subgroup Gl, in which case 
the doubled group ^ is a Drinfel'd double with a Lie algebra which, as a vector space, is 
© g, where g is the Lie algebra of and g is that for Gl- Note that the sub-algebras 
0, will not commute in general [25] . 

In general the X's will not generate a sub-algebra, so that the X distribution will 
not be integrable and does not define a submanifold. In this case, the polarisation does 
not pick a subspace even locally, so that it does not select a physical subspace in which 
there is a conventional formulation. If one then tries to lift the polarisation of the Lie 
algebra to a polarisation of the coordinates and define a geometry on a subspace, then 
the resulting metric and 5-field depend explicitly on the auxiliary coordinates and are 
not ordinary fields on the subspace; this will be seen explicitly in examples in the next 
section. This is precisely the kind of non-geometric reduction introduced in [10]. In such 
cases, if consistent, the theory can only be described in a doubled formalism, and this will 
be discussed in later sections. Similarly, the complementary polarisation will only define 
a submanifold if the Z's generate a subgroup Gl, and again this will not be the case in 
general. 

Next we turn to the application of this to the compact twisted torus X = Q/T. 
Consider first the case of a choice of constant 11 on ^ in which (12.461) holds so that the X 
generate a subgroup Gl- The condition for the action of F on ^ to induce a well-defined 
action of F on Q IGl is that F preserves Gl, i-e. for all 7 G F and k G Gl 

7^7""'" = k' 

for some k' G Gl- Then taking the quotient of Q/Gl by F is well-defined and defines a 
subspace of Q/T. The choice of polarisation on Q is then consistent with the action F, 
so that it is globally well-defined both on Q and Q /F and selects a geometric subspace of 
Q/T- 

The discrete group F acts on the generators Tm and will map the X's to linear com- 
binations of X's and Z's. In the geometric case just considered, the action of F preserves 
the subalgebra Gl and maps the X's to linear combinations of X's . More generally, F 
will not preserve the subalgebra Gl and the image of the X's under the action of F will 
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include both X's and Z's. In this case the polarisation on Q is not well-defined on the 
quotient X, and this will give a non-geometric background. 

In the non-geometric case in which the action of F does not preserve Gl, taking the 
quotient by F is inconsistent with taking the quotient by G^. Then we cannot expect a 
global description of the spacetime to exist, and may only recover a conventional spacetime 
in local patches. Suppose then that X = Q /T is covered by contractible patches Ua, each 
of which can be viewed as a contractible patch of the group manifold Q, and with transition 
functions to be discussed below. In the passive formulation, we choose a different constant 
polarisation 11(a) in each patch, related by transitions consistent with the action of F. 
Suppose further that in any given patch, the polarisation selects X's that close under 
commutation to generate a subalgebra (12.451) . and so defines an integrable distribution 
and hence a submanifold of the patch. This submanifold has the local structure of a patch 
of Q/Gl- The action of the transition functions on the polarisation will mean that in 
different patches, different (conjugate) subgroups will be selected, and the submanifolds 
of each patch will not fit together to form a submanifold of X. The result is a non- 
geometric space, which is constructed from patches each of which is geometric. That is, 
in each patch, the polarisation selects a physical spacetime and there is a conventional 
local formulation, but these do not fit together to give a formulation on a spacetime 
manifold. In general, there will be no global choice of polarisation. We stress that the 
condition (I2.46P is a necessary requirement for a conventional spacetime description to 
exist locally. 

Similarly, the condition for the action of Gl on ^ to induce a well-defined action of 
Gl on Q /T is that Gl preserves F, i.e. for all 7 G F and k G Gl 

k'yk~^ = 7' 

for some 7' G F. Then taking the quotient of Q/T by Gl is well-defined and defines a 
subspace of Q/T. 

2.4.3 Physical Interpretation 

We can think of the doubled formalism as describing a 'universal' string background 
which includes many different string backgrounds, each given by a different choice of 
polarisation. In the case in which the different choices of polarisation are related by 
T-dualities or other symmetries, they give physically equivalent backgrounds. However, 
the new formalism on a doubled twisted torus can also incorporate backgrounds related 
by the non-abelian duality of [37j or the Poisson-Lie duality of [25J. These are 'duality' 
transformations that relate backgrounds that are not equivalent string backgrounds [21] 
so that they are not string symmetries, but instead take one string background to another, 
physically inequivalent background [21]. 

A simple example of a doubled group is the case in which Q = G xG with G generated 
by the Z's and G generated by the X's. Then one polarisation gives the background given 
by the group manifold G, another gives the background given by the group manifold G, 
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but in general giving distinct string backgrounds. For Q /T with F = Fi x r2 with 
Q /V = (G/Fi) X (G/F2), the two polarisations would give backgrounds G/Ti or G/T2. 

Some polarisations might lead to conventional geometric backgrounds, while others 
might lead to T-folds. Any of these can give consistent string backgrounds, provided 
other sectors are added to ensure conformal and modular invariance, so that a good 
string background is rewritten in terms of a polarisation of a doubled twisted torus. 
However, in general a doubled twisted torus that has some polarisations that give good 
string backgrounds may also have other polarisations whose status is less clear. These 
will be given by different polarisation projectors in different patches related in overlaps by 
discrete transformations, and such a polarisation will lead to a generalisation of a T-fold 
in which the transition functions involve these discrete transformations. The key issue is 
then whether these discrete transformations are symmetries of the string theory: this is 
essential for these to be candidate backgrounds for string theory. 

The natural set of discrete transformations here is the group Aut{Q; F, L) of automor- 
phisms of Q that preserve F and the metric Lmn, and this will then have a natural action 
on the theory defined on Q/T. For example, for Q = M."^^, F = Z^^ so that Q /T = T"^^, 
then Aut{Q] F, L) = 0{D, D; Z), the T-duality group which is a symmetry of the string 
theory. We expect that in general different polarisations will be related by the action 
of this group, and that this group will provide the discrete transition functions relating 
patches of the twisted torus. The key issue here is whether Aut{Q] F, L) is a symmetry of 
string theory, or if not, then which subgroup is. Only transition functions that are sym- 
metries of the physics can lead to good string backgrounds, and only if polarisations are 
related by symmetries do they define equivalent backgrounds. Proper T-dualities acting 
on torus fibres are symmetries and such transitions give rise to T-folds. Other discrete 
transformations arising in this way include non-abelian T-dualities or Poisson-Lie duali- 
ties. There is evidence that such 'dualities' are generally not symmetries of string theory 
|24j . so a background with such transitions would not be a good string background in 
general. 

The issue is then what subgroup of Aut{Q\ F, L) is a symmetry of string theory and can 
be used in transition functions. This will clearly contain proper T-dualities, but there is 
evidence that certain generalisations of T-duality should also be allowed, although generic 
Poisson-Lie dualities presumably should not. One of our motivations is to consider such 
cases, and to investigate the generalisations of the usual T-dualities that are suggested 
by the formalism, such as those proposed in [10] ; these involve dualising a circle direction 
which is not isometric, so that conventional T-duality is not possible. 

A related issue is that of whether two polarisations are physically equivalent. In 
the case of the doubled torus formalism, all polarisations that are related to each other 
by 0{d,d]Z) T-duality transformations on the T^'^ doubled torus fibres are physically 
equivalent. In the doubled twisted torus formalism, some polarisations will again be 
related to others by T-dualities and will lead to equivalent representations of the physics. 
However, others will not be so related, and the question arises as to whether they are 
then physically equivalent. They will typically be related by the action of Aut{Q;T, L), 
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but only if they are related by proper string symmetries will they be equivalent. 

In summary, there are a number of cases. In each 2D-dimensional patch, there is a 
polarisation projecting the tangent space at each point onto a D-dimensional subspace. If 
this distribution is integrable (i.e. if fl2.46p is satisfied), then this selects a Z)-dimensional 
submanifold of the patch. There is then a description of the spacetime in this patch as 
a patch of Q /Gl. If the polarisation is globally defined on A", then it selects a physical 
subspace which is a submanifold, given by identifying Q/Gl under the action of F, and 
this gives a geometric background. 

If the distribution in each patch is integrable but the polarisation is not globally defined 
on Q /r (i.e. not preserved by the action of F), then the result is a generalisation of a 
T-fold, with a good doubled formulation on Q /T but where a D-dimensional spacetime 
can only be selected locally in each patch, and these spacetime patches do not fit together 
to give a global spacetime. 

Finally, if the distribution selected by the polarisation is not integrable, then although 
the polarisation splits the tangent space, it does not define a submanifold even locally, 
so that no local spacetime and no local geometric picture can emerge. More will be said 
about the interpretation of such cases below. 



2.5 T-Duality and i?-Flux 

Consider the case of the generic algebra of the form (12. 8p arising from a reduction with 
a duality twist. The monodromy on going around the x circle reflects the fact that 
translations in the x direction are not an isometry - the metric and fields depend non- 
trivially on a; - so that conventional T-duality in the x direction is not possible. If 
x-translations were an isometry, a conventional T-duality [9] would have been possible 
and naturally formulated using the coordinate x on a dual circle. It was conjectured 
in [in] that there should be a generalised T-duality in the x-dependent case which again 
involves introducing a dual coordinate x, and which exchanges x and x. The result is then 
a reduction with duality twist monodromy around the x circle, and the duality exchanges 
with X^. This produces a theory with the gauge algebra 

[X^Ta] = -N^aTb [Ta,Tb] = -NabZ. (2.47) 
with corresponding one-forms 

^ (^^Nxy ^^^B P^ = dx + ^NAB^^dX^ = dx (2.48) 

Decomposing Ta into Za and the twist matrix may be written as (using Nab = —Nba) 

(/Q bx Tjxab \ 

The gauge algebra is then 

[X^ Za] = -Qa^'Z, + faiTX' [X^ X'^] = Q^x'' + R^'^'' Z, 
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[Za, z,] = u'^z, [x^ z,] = Qrz, [x^ x'] = w-^'z, (2.50) 

with all other commutators vanishing. 

From this, we see in particular that the x-twist can incorporate an i?-flux as well as a 
Q-flux. Consider the case where only R^*^^ ^ 0. The left-invariant algebra is then 

[X^ X"] = R'^^Zb [X", X^] = K'^^Z^ (2.51) 

with all other commutators vanishing. The left-invariant one-forms, dual to the vector 
fields which generate this algebra, are 

= dx+ ^R'^^'^Zadzb P" = dz'' + R'"'''xdzb 

Qx dx Qa dZg^ 

The right-invariant generators of the left action Ql satisfy the algebra 

[X\X''] = -K'^^Zb [X\X^] = -R'^^Z^ (2.53) 

with all other commutators vanishing. We see that in this case the generators X do not 
close to form a subalgebra and therefore a conventional target space description cannot 
be recovered as a coset locally, as described above. Attempting to choose a polarisation 
that selects the Z's as the geometric generators does not work, as the corresponding 
distribution is not integrable. The only description we have of such backgrounds is through 
the doubled formalism. More generally, the structure constant 

is an obstruction to the closure of the algebra generated by X™ and means that, even lo- 
cally, this polarisation has no conventional spacetime description. R-flux will be discussed 
further at the end of the next section in the context of particular examples. 



2.6 Drinfel'd doubles and doubled twisted tori 

One case of interest is that in which the generators of Q consist of Z^ generating a D- 
dimensional subgroup G and X™ generating a D-dimensional subgroup G. The group 
will not in general be a product G x G, but instead the algebra will have 'cross-terms' 
[X™, Zn] and be of the form 

[Zm, Zn\ = fmn'Zp [X™, Z„] = fnp^X^ — QrJ^^Zp [X™, X"] = Qp^'^X^ (2-54) 

Then G and G are both null with respect to the natural metric Lmn (i-e. the generators of 
G are all null and mutually orthogonal, and similarly for the generators of G) and we have 
a triple of Lie groups {Q, G, G). In this context, the triple of Lie groups {Q, G, G) is often 
referred to as a Manin triple and the doubled group Q with metric of signature {D, D) is 
said to be a Drinfel'd double [26l [271 EH [29l [30] . The two complementary D-dimensional 
group manifolds G and G are recovered as the cosets Q / Gl and Q / Gi respectively. 
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For a given Q, there may be different choices of subgroups G,G C Q such that in 
each case {Q, G, G) is a Manin triple, giving different decompositions of the same Drin- 
fel'd double. In this way different Manin triples may correspond to different choices of 
polarisation, although not all choices of polarisation will give a Manin triple. 

An example of a Drinfel'd double is the cotangent bundle for a D-dimensional group 
G, so that Q = T*G. In this case G = M.^ and the doubled group is the semi-direct 
product Q = Gt< generated by the Lie algebra 

[Zm, Zn] = fmn'Zp [X"^ , Zn] = fnp^X^ [X"*, X"] = (2.55) 

This is parameterised hj g & G and coordinates on G = M.^. A basis of left-invariant 
one-forms on Q is 

where the one-forms and Qm are dual to the vector fields Z^. and respectively. 
The Lie algebra fl2.55p is encoded in the Maurer-Cartan equations for and Qm as 
described in previous sections. 

Note that the one-forms P™ = P'^idx^ and ^m = dxm are left-invariant one-forms on 
G and G = M.^ respectively and therefore give a globally defined basis of left- invariant 
forms on G X M^, but not on G ix M^. The action of G = M"^ on G is trivial and so the P"^ 
lift to left-invariant forms on Q; however, the non-trivial action of G on G means that the 
dx are not globally defined on the double Q. Instead, the globally defined one- forms on Q 
are Qm, which are related to the forms dxm on G by the 'twisting' dxm — > dxm + bmnP"' 
where bmn = fmn^Xp. The left-invariant one-forms may be written in a basis independent 
way as P = P^T^ and Q = Qmf"", where 

P = g^^dg Q = dx — [x, P] 

with X = XmT^ and where Tm and generate a matrix representation of the algebra 
fl2.55p . It is not hard to show that the left action of Q on the coordinates and Xm is 

Sx' = {p-^)m"or 5x = g-^ag 

with parameters a, a. The action of Gl on the coordinates parameterising G = Q/Gl 
is trivial but G has a nontrivial action on the coordinates Xm which parameterise G. It 
is then easy to see that the natural left-invariant forms (P, £) on G x G are not invariant 
under Q but transform as 

6P = 6i=-[P,6x] (2.56) 

The ^i-invariant forms {P, Q = i + [P, x]) can be thought of as a 'twist' of (P, £). 

A particular feature of the case in which ^ is a Drinfel'd double is that there are two 
natural polarisations, one corresponding to the coset Q /Gl and one leading to the dual one 
Q /Gl, and the dual one can be treated in the same way as the one corresponding to Q /Gl 
was in section 2.4. The doubled twisted torus is given by identifying the Drinfel'd double 
by a subgroup F C Ql, so that X = Q /Y '\s, compact. If the action of F preserves and is 
preserved by G, then the quotient X/G vs, well-defined and there is a global description 
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of the spacetime resulting from this polarisation, similarly for XjG. For the example 
given above in which Q = T*G, the action of F preserves and is preserved by and so 
the quotient X /W^ is always well-defined and corresponds to the D-dimensional twisted 
torus Af = G/T', where F' C F acts only on the coordinates of G and leaves M.^ invariant. 
Recovering a conventional spacetime description in this case simply corresponds to the 
natural bundle projection on T*Af. 

In general, the action of F need not preserve or be preserved by G (or G), in which 
cases the quotients X/Gl (or X/Gl) will not be well-defined and there will be no global 
spacetime from these choices of polarisation. Conventional spacetime patches can be 
recovered locally as patches of Q/Gl (or Q/Gl), as described in sections 2.4.1 and 2.4.2. 
Only in the cases in which the transitions between patches are through true symmetries 
of the string theory can such non-geometric backgrounds be string backgrounds. 

The addition of structure constants associated with H- and i?-fluxes deforms the 
algebra fl2.54p to 

[Zm, Zn] = fmn'Zp + K^np^^ [X™, X"] = Qp'^'^X^ + K^^'^ Zp 

r YTn y 1 r m x^p ,0 mp ry 

Y-^ 1 ^n\ — Jnp ^ " Vn ^p 

SO that neither G nor G are subgroups of the doubled group Q. The physics of the doubled 
geometry corresponding to such H- or i?-twisted Drinfel'd doubles will be explored further 
in [38j. In the absence of i?-flux, the X*" close to generate G and this is the case analysed 
in detail in section 2.4. 



2.6.1 Polarisations and group actions 

For a Drinfel'd double, one can define a basis of right- and left-invariant forms on the 
group. G and G, which we denote by (r", r) and (f„,C) re=pectiveljl. The action. 

of these factor groups on each other reflect how the two groups are 'twisted' together to 
form Q. 

A simple way to characterise the action of the sub-groups on each other is to look at 
the adjoint action of Q on the (matrix) generators G g and G g, selected by a 
choice of polarisation, = 11^*^74/ and T"^ = W^^Tm- We use g and g to denote the 
Lie algebra of G and G respectively and the adjoint action of G on the generators of Q 
defines matrices A, b and P by 




4 " h 




(2.57) 



Similarly, the adjoint action of G on the generators of Q defines matrices A, b and (3 by 

m 





'^{r™,frn) are right-invariant and {£"^,im) are left-invariant. For g ^ G and g G G, we can write 
£ — g~^dg, £ = g~^dg, r — dgg^^ and f — dgg~^. 
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Note that b, (3, b, (3 are antisymmetric. The matrices A, b and (3 depend on only and 
encode the adjoint action of G and the matrices A, b and f3 depend on Xi only and encode 
the adjoint action of G. Am"{g) is the adjoint action of G on g so that g~^rg = i or, 
in components, r^A^J^ = Similarly, A"^n{g) is the adjoint action of G on g so that 
VnA^m = ^m- The adjoint action preserves the metric Lmn so the 2D x 2D matrices whose 
block form is given in (I2.57P and fl2.58p are in 0{D, D). The form of the 2D x 2D adjoint 
matrices is determined by the polarisation chosen and different choices of polarisation will 
give different matrices A, b, P, A, b and p. 

The non-trivial twisting together of G and G means that the right- and left-invariant 
one-forms on Q, denoted by P*^ and V'^^ respectively, are not simply 

but are twisted together in a more complicated way. In the case of a Drinfel'd double, 
where the polarisation is such that both Tm and T™ generate subgroups of Q, the adjoint 
actions simplify. In particular, the adjoint action of G preserves g so that g'^T^g = 
Arn^Tn and bran = 0. Similarly, the adjoint action of G preserves g so that g'^T^g = 
A"^nTn and = 0. We shall see that more general groups Q, which are not Drinfel'd 
doubles, do not simplify in this way. 

Let us consider group elements h & Q that can be written in the form h = gg, where 
g E G and g E G. The left-invariant one-form can be written as 

V = h-'dh = rCg-'T,n~9) + fm{r^f^~9) 
or, using the definitions of the adjoint action of G on the Lie algebra of Q given above, as 

It is useful to write this block decomposition of the one-forms as 

where = (£™,fm). The information on the twisting together of the two subgroups is 
contained in W which depends only on x. 

We now return to the example given above in which G is abelian (so that d-m = fm = 
dxm) and suppose that G is a semi-simple group with structure constants fmn' so that 
Q = Gt< MP . We choose a matrix representation of the generators 

where hmn = \fmp^fnq^ is the non-degenerate Cartan-Killing metric of G which raises and 
lowers indices on the structure constants and tm is a D x D matrix representation of g so 
that [tmj^n] = fmn^tp. A general element h = gg oi Q may then be written as 

^ I 9 ^ \ f ^ X \ f g gx 




g J \ 1 J \0 g 
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and the one-forms (I2.56P may be read off from 



V 

We then see exphcitly that 



g ^dg dx + [P, x\ 
g-^dg 



)m "m "mn J mn •'^p 

SO that the adjoint action of G on g is trivial, as one would expect for an abelian group 
G = R^. 

Alternatively, we could consider the parameterisation h = gg so that the left-invariant 
one-forms are more naturally written as 



P = ( L)(^ 



or schematically 

V = <^^v/'{x)Tm (2.60) 

where ^^'^ = (r''",^^). The information on the twisting together of the two subgroups is 
now contained in V^^^(a;) which depends only on the x*. For the polarisation choosing 
the X* as physical coordinates, it is this parameterisation leading to a twist V depending 
only on the that is the most useful. 

For the Q = G \x R^ example, this parametrisation may be written in terms of the 
basis of generators (12.591) as 

f 1 X \ f g \ ( g xg\ 

'=U 1 jlo J = (o J 

In this parameterisation, the left-invariant one-forms are 

V = ( 9~^dxg \ 

V g-'dg ) 

so that P™" = [g^^dg)^ and Qm = {A~^)m^dxn- It is not hard to see why this param- 
eterisation h = gg is most useful; we shall be interested in recovering a conventional 
description as the left-acting quotient of the doubled group by G and the left action of 
G on elements of Q is manifest precisely in the parameterisation h = gg. Similarly, if we 
were interested in the quotient G/Gr, the appropriate parameterisation to consider would 
be the one with h = gg described above. 

2.6.2 Recovering the physical background fields 

For a Drinfel'd double, using the parameterisation h = gg giving 



M 
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we can define a G^^-invariant metric which depends on the coordinates only by 

With a polarisation tensor Oj^f^? we can define 

whose components define a metric Qmn and S-field B^n by 

The metric gmn{x) and S-field Bmnix) depend only on the coordinates, are manifestly 
G^-invariant and therefore 

9ij Qmn^ j B^j Bj^mT j (2.62) 

give a metric and -B-field which are well-defined on the coset Q/Gl- In general, the two- 
form B, coming from the G^-invariant doubled metric (12.611) . is not necessarily the only 
contribution to the physical if-field strength. There may also be a contribution coming 
from the natural Ql x ^i?-invariant three-form on the doubled group 

IC = \tMNpV'' A A 

6 

It will be shown in section 6 that, when the doubled group is a Drinfel'd double, the 
physical if-field strength on the coset Q /Gl is given by 

H = dB-^d (^r™ A L) + ^/C (2.63) 

This expression may seem surprising but, as we shall see in section 6, its form arises quite 
naturally from the world-sheet description of the doubled geometry. Moreover, when the 
doubled group is a Drinfel'd double, one may use the Maurer-Cartan equations dual to 
the algebra (I2.54p . to show that /C = d{r"^ A im), and so this expression for the if-field 
strength simplifies to 

H = dB 

and so, in the case where the doubled group is given by a Drinfel'd double, the physical 
metric and 5-field may be read off directly from the Gi-invariant metric Ti.MN{x)- 

As an example, we return to the case in which G is abelian, so that Q = T*G. Then 
im = dxm and let the structure constants of G be fmn^ as before. If we choose the 
parameterisation h = gg & Q, then one can show that Z?'"" = and is the adjoint 
action of the group G; i.e. i"^ = r^ArJ^. The left-invariant one-form may then be written 

as 



Am" 

(A-1^™ 



n 
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so that the metric is given by 



and 5 = 0. In this case, it is not hard to show that K. = d{r'^ A Im) and so the if-field 
vanishes. 

Conversely, we can consider the polarisation where we take the physical coordinates 
to parameterise the abelian group M^, and G to have structure constants Q^^p so 

that [T™', T"] = Q^^pT^ and Q = T*G. Again, the natural parameterisation to choose is 

h = gg so that 

^m" \ I Tfi 



P = ( C) 



where = Q'^'^pxP and A™„ = S'^n, since G = and so £™ = r"^ = rfx™. The G^- 
invariant metric 'Hmn{x) then gives a metric and i?-field specified by {g+B)^^ = In 
the special case where the doubled geometry is six-dimensional and the only non-vanishing 
structure constant of G is Q^^x = € Z, then jS^^ = mx and the background is a cover 
of the familiar T-fold. Here too, one may show that /C = d{r"^ A and so /C does not 
contribute to the physical if-field. 



2.6.3 General Case 

Consider now the case of a general doubled group Q which is not a Drinfel'd double, so 
that there may be H-fiux and/or R-fiux. In general the vielbein V'^^ i will depend on all 
coordinates, both x and x. Nonetheless, the G^-invariant generalised metric 

can still be used to define a metric and if-field using f l2.6ip and (12.631) . but now these 
fields will depend on both x and x in general, so their interpretation is unclear. In those 
cases in which V^^a? and can be chosen to depend only on x, the background will be 
geometric locally. There will be local fields gij{x), Bij{x), although there may be non- 
trivial patching as in T-folds. In other cases where dependence on x cannot be avoided, 
then the resulting configuration is not even locally geometric, and the x-polarisation will 
involve background fields depending on the dual coordinates x. 

For a given polarisation, a natural way of introducing coordinates (in a neighbourhood 
of the identity) is through the exponential parameterisation 

h = exp{xmf"')exp{x'^Tm) 

In the case in which the generate a subgroup G, then g = exp^XmT"^) G G. Let 
k = exp{x'^Tm) so that h = gk. Then defining r = dkk~^, i = g~^dg, we can expand the 
forms as 

„ — r"^n^ _|_ r T"^ P — P 
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where we note that r is in general a hnear combination of all generators, since the k are 
not elements of a subgroup, but are elements of the full doubled group Q. Since the 
do not generate a subgroup, the adjoint action of {k} on g does not preserve g and we 
have 

k TjYik Tn ~\~ bjYifiT 



so that 



where g'm = + and we again have an expression of the form 

As V depends only on x, again a metric and -B-field depending only on x are obtained 
using (12.611) . but now the if-field strength also gets a contribution from the three form /C 
and the expression fl2.63p generalises to 

H = dB-U (r™ A qm) + ^/C (2.64) 
As an example, consider the group generated by the algebra 

[Zm-, Zn] = KmnpX^ [Zm^X"^] = [X™", X"] = 

The ^j^- invariant one-forms are 

P'" = dx™ = dXm - -K^npXMx^ 



It is not hard to show that 

1 
2 



= r/r™ r = -K r^r"^ a = O 4- K r^r'"' 



Also, = J^'^, /?™" = and b^^ = K^npX^. This gives V = <^^^Vm^ {x)Tn, where 



J) n jy- p 

5™, 



and = {dx"^, (jm)- The metric is given by 

ds"^ = 6mndx"^ (g) dx"- 

so that the spacetime is locally M^. The global structure of the spacetime is determined 
by r and in the discussions which follow we shall usually choose F so that the spacetime is 
compact which, in this case, gives a D-dimensional torus. The physical if-field strength 
on is given by (12.641) where 

/C = —K^npdx"" A dx" A dxP (2.65) 
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We also have the contributions 

db = ^Kmnpdx"" A c/x" A dxP ^d (r"^ A g^) = ^Kmnpdx"" A rfx" A dx^ (2.66) 
Substituting (I2.65I) and fl2.66l) into fl2.64p . we find that the physical if-field strength is 

H = -K^npdx"" A rfx" A dx^ 
6 

More generally, there may be non-trivial i?-fiux. Then the do not close to give 
a subalgebra and the expansion of the forms C. is in general a linear combination of all 
generators, so that ^ = i^T"^ + i"^Tm- The left-invariant one-forms on Q can be expanded 
to give 



where p*" — j-m _^ £m = £^ _|_ g^^cl we again have an expression of the form 

As before, we extract x-dependent fields gmn and Bmn from Hmn{x). The main difference 
in the i?-fiux case, where £™ ^ 0, is that the physical metric 

ds'^ = gmn{x)p"" P"" 

now depends explicitly on Xj through the one-forms p"^ = r"^ and so it is not possible 
to eliminate the Xj-dependence completely if the do not generate a subgroup of Q. 
Similarly, it is not possible to remove all Xj-dependence from the if-field which is given 
by the expression 

H = dB-y{p^Aq^) + ^IC 
The issues discussed here will be illustrated by further examples in the next section. 



3 Examples 

We shall now apply the formalism developed in the previous section to a specific exam- 
ple. Starting with the three-dimensional nilfold Af, we explicitly construct the associated 
five-dimensional doubled torus bundle T and the six-dimensional twisted torus X. The 
recovery of a conventional description of the nilfold and its T-duals from these doubled 
geometries will be explicitly demonstrated in each case. 

The nilfold is a compact three-dimensional manifold. It may be constructed as a 
bundle over a circle S^., where the fibration has monodromy in the mapping class group, 
SL{2; Z), of the torus fibres. Let = [y, z) be the coordinates on the fibre and x the 
base circle coordinate with x ~ x + 1. The twist of the bundle is given by the s[(2) Lie 
algebra element which gives a monodromy G SL{2; Z), where 

A-( ° °) ^'-( ' 1) ™ez (3.1) 

\ — m / \ — m 1 J 
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A globally defined basis of one-forms on the nilfold is 



= dx py = dy- mxdz = dz (3.2) 

The global structure of the nilfold requires the following identification of the local coor- 
dinates 

{x,y,z) r-u [x + l,y + mz,z) (x, ~ (x, y + 1, 2;) (x, ~ (x, z + 1) (3.3) 

which leaves the one-forms = {P^,py,P^) invariant. A metric g = 'Y^^P^'P^ may 
be constructed from these one-forms, giving 

/I ON 

Qij = 1 -mx (3.4) 
\ — mx 1 + m^x^ / 

and it is this metric that is used in the dimensional reduction ansatz discussed in the 
previous section. 

Alternatively, the nilfold may be constructed as a twisted torus M = G/T where G is 
the noncompact Heisenberg group manifold and F is a discrete subgroup chosen so that 
G/V is compact, i.e. V is cocompact. The generators of the Heisenberg group G satisfy 
commutation relations 

and a useful matrix representation is 







ty = \ \ t^= 001 (3.5) 



Using the local coordinates (x, y, z) on the group manifold G, a general element of the 
group may be written as 



(3.6) 



The one-forms f l3.2p are given hj P = g ^dg and are invariant under the left-action of the 
group G. The discrete group F has general element h given by 



(3.7) 



where a, (3 and 7 are arbitrary integers. The nilfold is given by the identification of 
G under the left action of F. Then the identification g h ■ g, with [a, (3, 7) given by 
(1, 0, 0), (0, 1, 0) or (0, 0, 1), reproduces the identifications of the coordinates (13.31) . As the 
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identification is through the left action, the left-invariant one-forms (13.21) are well-defined 
on G/V. 

The noncompact group manifold G admits a natural action of the group from the left 
Gl and from the right Gr. The right action, Gr, is generated by the left-invariant vector 
fields 

7 - ^ 7 - ^ V-^l ^ 
— TT- — TT- — T{ r mX — 

OX ay oz ay 

and Zy and Zz are Killing vectors of the metric (13. 4p . whilst Z.j. is not. Note that the 
Cartan-Killing metric for the Heisenberg group, which would automatically be invariant 
under x Gr, is identically zero, and we are using a non-degenerate metric (13. 4p which 
is only invariant under a subgroup of x Gr. Furthermore, the vector fields Zm = 
{Zxi Zy^ Zz) are invariant under the action of F C Gl and so are well-defined on the 
quotient N = G/V. The one-forms (13. 2p . dual to these vectors, are also well defined on 
M. 

The right-invariant vector fields Z^ = {Z^, Zy, Z^) on the group manifold G generate 
the left action Gl and are given by 

~ d d ~ d ~ d 

Z^ = — + mz— Zy = — Zz = ^ (3.8) 
ox Oy Oy oz 

Note that Zy and Zz are Killing vectors of the metric (13. 4p . whilst Zx is not. These vector 
fields are not invariant under the action of F and transform as 

Zx ^ Zx + m'jZy Zy Zy Zz ^ Zz — maZy (3-9) 

Then although the three right-invariant vector fields Z^ are globally defined on G, only 
Zy is well-defined on the quotient A/" = G/T. Of particular importance is the fact that the 
generator Zz is not preserved by F. The fact that Zz is locally defined (on each fibre) 
but not globally defined on A/" leads to a T-dual description of the background, given by 
dualising along the z direction (i.e. with respect to the generator Zz), which is a T-fold. 

Of particular interest is the use of twisted tori, such as the nilfold, as internal manifolds 
in conventional compactifications of string theory and supergravity. Compactification of 
a supergravity theory with metric, 5-field and dilaton, with action of the form (12. ip (plus 
terms involving other fields), on the nilfold gives a massive supergravity of the form (12. 6p 
with a non-abelian gauge algebra given by 

[Zx, Zz] = mZy [Zx, Xy] = mX^ [Zz, X^] = -mX^ (3.10) 

where all other commutators vanish. The symmetries generated by Z^ = {Zx, Zy, Zz) arise 
from the action of the left-invariant vector fields Z^ on the nilfold given above, while the 
symmetries generated by X™ arise from 5-field antisymmetric tensor transformations. 
The gauge algebra is that of the six- dimensional group G ix where G is the Heisenberg 
group. This compactification can be equivalently constructed as a duality twist reduction 
of the supergravity, as described in the previous section, where the twist matrix (12. 9p is 
given by 

iV^^(C' 10 (3.") 
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with f°-b given in fl3.ip . 



3.1 T-duality 

With the choice of metric (13. 4p . the Heisenberg group manifold has the geometry 

ds\f = dx^ + {dy - mxdzf + dz^ B = (3.12) 

and has Kilhng vectors Zy = Zy, Zz, Zz- On taking the quotient by F to obtain the nilfold 
background, Zy = Zy and Zz are left-invariant and so are Killing vector fields of the 
nilfold, while Zz remains as a local solution to Killing's equation, but does not extend to 
a globally-defined vector field on the nilfold. 

In Buscher's formulation of T-duality [9j, the starting point is a sigma-model whose 
target is a torus bundle with a compact abelian isometry group, preserving the if-field 
and dilaton as well as the metric. The isometry is then gauged, and the gauge connection 
constrained to be trivial. Eliminating the gauge field recovers the original theory, while 
integrating out the torus fibres gives the T-dual target. Buscher T-duahty then requires 
a compact abelian isometry which leaves the background invariant. 

The sigma model with the nilfold as target space is constructed from the pull-back of 
the left-invariant one-forms (13.21) to the world-sheet and as such there is a manifest rigid 
Gl symmetry in the world-sheet theory. The application of Buscher's construction then 
requires that there is an abelian subgroup of this rigid Gl symmetry which generates an 
invariance of the full background. There is such an invariance of the nilfold background 
given by the U{1) isometry y ^ y + e generated by Zy = dy. The vector field Zy 
is preserved by F and therefore is well-defined on the nilfold. Applying the Buscher 
construction it was shown in [3[ [39] that the T-dual of the nilfold background (13.121) is 
given by a three-dimensional torus with non-trivial 5-field 

ds'^3 = dx^ + dy^ + dz^ B = mxdy A dz (3.13) 

The 5-field gives a constant H-fiux, with H = mdx A dy A dz. The global structure of 
the torus is read off from the identifications of the coordinates 

{x,y,z) ^ {x + l,y,z) {x,y, z) ^ {x,y + 1, z) (x, y, z) ~ (x, y, 2; + 1) 

A second invariance of the Heisenberg group manifold G is the abelian isometry z 
z + e. The generator Zz = dz is globally defined on the Heisenberg group manifold G but 
is not globally defined on the nilfold J\f. Under the shift of the coordinate x — > x + 1, the 
vector field is not invariant but transforms as 

Zz ^ Zz — raZy 

and so Zz is not periodic on M . Strictly speaking, the Buscher rules cannot be applied to 
this the Killing vector is not globally well-defined on the nilfold and is, at best. 
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multi-valued. This problem can be avoided by going to a covering space in which the 
periodicity of x is dropped. This covering space is CV = G/V where V is the subgroup of 
r given by elements of the form (13.71) with a = 0. This gives the periodic identifications 
y ^ y + 1 and z ^ z + 1 while leaving x non-compact, so that Cj^j has topology M x T^. 

On the covering space CV, Zz is globally defined and we can consider T-duality along 
the z direction using the Buscher rules. Performing the T-duality gives a smooth manifold 
Ct which again has topology x M with metric and S-field given by 

dsT-Foid = dx^ + TTl yl^dy'^ + dz^) ^ = TTT yldv ^ dz (3.14) 

1 + [mxy 1 + [mxY 

This background is a conventional geometry, with a non-trivial 5-field. However, we are 
interested in the background T-dual to the nilfold, with periodic x, suggesting that we 
now try to make x periodic. The metric and B field (I3.14p are clearly not periodic in x, 
so this could not lead to a smooth geometry. 

To better understand this background, consider first the T-dual of Cj^ given by the 
covering space C^s of the with if-fiux m, which is M x with x the non-compact 
coordinate with metric and S-field (I3.13p . Consider a particular fibre at some fixed x, 
with metric g and -B-field so that i? = ^ + i? is a2x2 matrix given by 

~ f I mx \ „ 
E = [ \ =l + xVL 

\ —mx 1 J 

where 

V -m y 

T-dualising along the y and z directions of the leads to a dual torus background with 
metric g and 5-field B with E = g + B given hj E = E~^, so that 

^ 1 / 1 mx 

1 + [mxY \ —mx 1 

This is the same result as is obtained by T-dualising Cj^ in the z direction. 

Under the shift x x + 1, the 5-field of the dual background is shifted By^ By^ + m 
and so we see that periodically identifying the x coordinate of (7^3 gives a space with an 
x-monodromy that is a shift of the i?-field, Byz —>■ Byz + m. This of course gives a 
with if-fiux m. Now for the dual space (I3.14p . under the shift x — > x + 1, 

E = E-^ ^ (E + n)-^ 

which is a T-duality transformation of E, in 0(2, 2; Z). Then the monodromy is a non- 
geometric T-duality transformation, resulting in a T-fold. This amounts to what is some- 
times described as applying the duality fibrewise. 

Locally, the T-fold is a conventional geometry, but the global structure cannot be 
understood as a manifold since the monodromy is not in the SL{2] Z) mapping class 



31 



group of the fibres. The non-geometric monodromy of the fibres of the T-fold 
background can be recast as a geometric monodromy of the fibres of a doubled torus 
bundle T, in which auxiliary coordinates are introduced as described in the previous 
section. We now turn to this doubled formulation of our example. 



3.2 The Doubled Torus Fibration T 



As discussed in section 2, a string background which is a torus bundle or T-fold also 
admits a description as a doubled torus bundle T. For the current example with 
fibres, this doubled torus bundle with fibres is constructed by introducing auxiliary 
coordinates Za = {y, z) for the torus T-dual to the physical torus, so that 



{y,z,y, z) 



Then z"- = {y, z) are coordinates for the physical fibre C and Za = {y, z) are 
coordinates on the T-dual torus T"^ C T^. 

In this description, all monodromies have a geometric action on the doubled fibres as 
a large diffeomorphism since 0(2, 2; Z) C GL(4; Z). The monodromy of the doubled torus 
fibres is 



X 



x + 1 



which in the case of the nilfold is given by fl2.49p where K^ab and Qx"''^ are both zero and 
fxz^ = m G Z, so that on taking x —>■ x + 1, 
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(3.15) 



The metric g and S-field of the fibres specify a generalised metric Ti on the doubled 



T'^ fibres of T, a 4 x 4 matrix with components in the y, z, y, z basis given by 



n 



g-Bg-'B Bg 



-.-1 



-g-'B 



9' 



(3.16) 



For the nilfold with metric (13.41) and 5 = 0, the generalised metric on the fibres of T 
is 

/ 1 -mx \ 

—mx 1 + m^x^ 
1 + m^x^ 





\ 



mx 



mx 
1 



This x-dependent metric Ti is related to the x-independent metric M. appearing in 
(D by HABix) = (e^^)A^A^cD(e^'^)^B where, in this case, Mab = Sab- As for the 
nilfold, the doubled torus bundle T can be thought of either as a T"^ bundle over or 
as a twisted torus T = Q/T, given by identifying a certain group manifold Q under the 
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action of a discrete subgroup T. The five-dimensional group G is that generated by fl2.32l) . 
Using the same coordinates (x, y, z, y, z) as above, the general element (7 G ^ is 



9[x,y,z,y, z) 
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mx 
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(3.17) 



The global structure of T is given by taking the quotient by a discrete subgroup. The 
relevant discrete subgroup F consists of elements of the form 



(3.18) 



where a, /5,7, (3 and 7 are arbitrary integers. The left action of h is g h ■ g and acts 
on the coordinates through 



/ 1 


ma 
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1 / 



X ^ X + a y —>■ y + maz + (3 z ^ z + j 

y ^ y + P z ^ z — may + 7 



(3.19) 



We identify Q under the left action of F so that the coordinates are subject to the iden- 
tifications 

{x,y,z,y,z) ~ {x + l,y + mz,z,y,z - my) 

{x,y,z,y,z) ~ {x,y + l,z,y,z) 

{x,y,z,y,z) ~ {x,y,z + l,y,z) 

{x,y,z,y,z) ~ {x,y,z,y + l,z) 

{x,y,z,y,z) ~ {x,y,z,y,z + l) (3.20) 



There is a natural action of Ql x Gb on the group manifold Q, generated by associated 
right- and left-invariant vector fields. The right action Qji is generated by the left-invariant 
vector fields (i.e. invariant under Ql) 



— Z = — 

dx ^ dy 

A y = — - mx— 

oy oz 



which satisfy the commutation relations 

[Zx, Zz\ = mZy 



^ d d 

Z^ = — + mx— 
oz oy 

X' = — 
dz 



mX' 



(3.21) 



(3.22) 



where all other commutators vanish. Note that this is not the gauge algebra of the field 
theory (12. 8p obtained by compactification on the nilfold, but is a subgroup of a contraction 
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of the gauge algebra 02.321) . The fact that the vector field is left-invariant means that it 
is invariant under the action of the discrete group T and so well-defined on the quotient 
T = Q/r. Indeed, the left- invariant vector fields are dual to the left-invariant one-forms 



= dx 



P"^ = dy — mxdz 
Qy = dy 



pz 

Qz 



dz 

dz + mxdy 



(3.23) 



which are also well-defined on the quotient Q/T. 
By contrast, the generators of the left action Ql 



d d 
— +mz— 
ox oy 



^ d 
my— 
oz 



d_ 

dy 



d_ 

dz 



- X^ = - 
dy dz 



(3.24) 



are globally defined on the group Q, but are not invariant under the action of F, which 
acts as 



Zx + m'jZy — m[3X^ 



Xv 



Xy + maX' 



X' 



■ X' 



maZ... 



(3.25) 



These vector fields are therefore not globally defined on the twisted torus T ~ Q/T. 
The discrete group V does however preserve the subgroup Gl — Ql generated by 

X''={Xv,X^) 

r : Gl Gl 

(It also preserves Zy.) The subgroup Gl consists of matrices / of the form (13.171) with 

X = y = z = 0, 

/ 1 \ 

10 
fiy,z)= 1 y 

1 i 
\ 1 / 

Taking the quotient of the group Q by the left action of gives the coset Q/Gl which 
is just the Heisenberg group G, represented by group elements of the form (13.171) with 
y = z = 0. The subgroup Gl has the property that, for all /i G F and all / G Gl, 



i.e. there is an /i' G F so that 



fhf-' G F 



hf = fh' 



This implies that Gl has a well-defined action on the coset T = Q /T so that identifying 
T under the action of Gl is well-defined. This quotient gives the nilfold, N = T /Gl- It 
can also be viewed as the quotient of Q by the left action of the subgroup of elements of 
the form (13.181) with a, /?,7 arbitrary integers and /3,7 arbitrary real numbers. 
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3.2.1 Polarisations 



We have seen that the data given by the nilfold background specifies a doubled torus 
bundle T and that the nilfold geometry can be recovered as the quotient M = T/Gl- 
The T-duals of the nilfold are the with if-fiux and the T-fold, and these can also be 
recovered from the same doubled geometry T through different choices of polarisation. 
Then T is a universal geometry containing the original space and its T-duals, as discussed 
in Section 2. Using the notation X"^ {A = 1,2,3,4) for the four coordinates of T, each 
polarisation selects two of the four coordinates X"^ to be the 'physical' coordinates z'^ = 
{y, z) and the other two to be the 'auxiliary' Za = {y, z). In Section 2, polarisations were 
defined in open, contractible patches of the base, which here is the circle S].. We will 
consider polarisations defined on the interval / with < x < 1, so that the polarisation 
defines a 3-dimensional subspace, topologically / x T^, of the doubled space that has 
topology J X T^. 

A polarisation selects a maximally isotropic choice of C as the physical space, 
defined by a constant projector 11"^ so that z"- = {y, z) = n^^X"^ are the coordinates of the 
physical T^. The complementary projector UaA defines the auxiliary with coordinates 
Za = {y, z) = UaA^^- It is useful to define the polarisation tensor 9^^ so that 



n% n 



aA 



z 

y 

z 



The polarisation is constant over /, so that it selects a subspace I xT^ oi I x T^. This 
then can be continued in x so that it selects a subspace M x of M x T^. We will see that 
the various choices of subspace M x will give the covering spaces CV, Ct, Ct^. The 
0(2, 2; Z) transition functions of section 2 are now seen, after the identification a; ~ a; + 1, 
as an 0(2, 2; Z) monodromy round the x circle. 

The effect of a T-duality was analysed in [7]. Acting with the 0(2, 2; Z) element O^b 
changes the polarisation 

Q^A - e'^ = q^bO% 



and the new physical coordinates are y' ,z' , where 



X' 



lA 



y' 

z' 



The generalised metric transforms as 



'^AB 'H' AB = {0^)a^T^cdO^ B 
and the new metric g' and 5-field B' of the fibres can be read off from 



n' 



g'-B'g'-^B' B'g 



-9 



9 



/-I 



(3.26) 
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We shall now consider how this works in the example of the doubled space T con- 
structed above. For the nilfold, the polarisation is 



y = n^AX 

Z = 11 A 



X2 



y 

z 



and the polarisation tensor is just the identity matrix 

/ 1 \ 



X^ 
X^ 



(3.27) 



10 
10 

\ 1 y 

The polarisation selects the subspace with coordinates x, y, z, and this gives the nilfold 
on identifying the x coordinate. 

with //-Flux 



Acting with the 0(2, 2; Z) element 



B 



/ 1 \ 

10 

10 

1 



which corresponds to a T-duality in the y direction, the polarisation becomes (dropping 
primes) 

/ 1 \ 
10 
10 
1 



v 



The polarisation in the fibres of T is then 



y 

z 



n^x^ 



X3 
X2 



y 

z 



I 



rij^^x^ 
n.^x^ 



xi 
x^ 



(3.28) 



Note that, compared with f l3.27p . the duality interchanges ^ a and 11^^ in the passive 
perspective or equivalently, X^ and X^ in the active perspective. The generalised metric, 
in this polarisation, may be written as 



/ 1 + VP?X^ 






mx 



V 





1 + m^x^ 
—mx 




mx \ 
-mx 

1 
1 / 



The metric and 5-field in the C T'^ fibre can then be read off by comparison with 
f l3.26p and we recover the expected background 



9ah 



1 
1 



ah 



mx 
-mx 
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The global structure is given by the identifications of the coordinates 



{x,y,z,y,z) ~ {x,y + l,z,y,z) 

{x,y,z,y,z) ~ {x,y,z + l,y,z) 

{x,y,z,y,z) ~ {x,y,z,y + l,z) 

{x,y,z,y,z) ~ {x,y,z,y,z + 1) 



(3.29) 



so that the physical coordinates (x, y, z) are periodic and parameterise a T^, as expected. 
The structure is encoded in the monodromy matrix which in this polarisation is given 
by (EHl) where = Q,"^ = and 



K 



xab 



m 
-m 



(3.30) 



The twist matrix N is upper triangular and the monodromy is just a shift of the 5-field, 
corresponding to non-trivial if-flux. It is a geometric transformation in A(Z) and the 
discrete subgroup preserves the polarisation. 



In this polarisation, the generators of the left action, Qi, are 

d_ 

dy 

xy = 



~ d d d 

Z^ = — + mz— - my— 
ox ay oz 



d_ 

dy 



dz 
d_ 
dz 



These are not preserved by the action of F and transform as 



+ m-iXy - m/3X' 



xv 



Zy + maX^ 

. xy 



maXy 



X' 



X' 



(3.31) 



(3.32) 



We see that T preserves the subgroup Gl — M."^ C Ql generated by (X^,X^) and the 
physical space is therefore be recovered as the quotient = T/Gl- 

T-Fold 

We have seen that a T-duality along the ^/-direction relates the nilfold and the with 
H-Rux. If instead we act on the nilfold polarisation with the element of 0(2, 2; Z) 

/ 1 \ 



B 



\ 



1 
10 
10 



which corresponds to T-duality along the z direction, we find the polarisation tensor is 
now 



/ 1 \ 

1 

10 

10 
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In this polarisation, the coordinates are 



y 

z 



y 

z 



Hy^X^ = X^ 

n,AX^ = x2 



and the generahsed metric on the T'^ fibres is 

/ 1 



y —mx 



n 



T-Fold 



—mx 

1 mx 
mx 1 + m^x"^ 

1 ' -2^2 



1 + m^x J 



from which the metric and B-field on the physical fibres may be read off 



1 



1 + m2x2 I 1 



1 



B. 



mx 



ab 



l + m2x2 V -1 



1 



(3.33) 



(3.34) 



The monodromy matrix in this polarisation is given by (12. 9p where fxJ' 



K. 



xab 



and 



Q: 



ab 



m 
— m 



(3.35) 



which is not in the geometric group A(Z). The monodromy then includes a T-duality 
acting on the physical fibres and so the global structure, which is determined by F, 
requires the following identifications of the coordinates 

x,y,z,y,z) ~ {x + l,y + mz,z-my,y,z) 

x,y,z,y,z) ~ {x,y + l,z,y,z) 

x,y,z,y,z) ~ {x,y,z + l,y,z) 

x,y,z,y,z) ~ {x,y,z,y + l,z) 

- {x,y,z,y,z + 1) 



[x,y,z,y,z) ~ 
Here it is clear from the identifications 



(3.36) 



X ^ X + 1 y ^ y + mz z ^ z — my 

that one cannot distinguish globally between the coordinates (y, z) on and the coor- 
dinates (y, z) on the dual torus T^, as they get mixed by the monodromy. 



The generators of the left action, Q^, are 

~ d ^ d ^ d 

Z^ = — +mz- my— 

ox oy oz 



xy = — 



d_ 
dy 
d_ 
dy 



dz 
oz 



(3.37) 



These are not invariant under F, but transform as 



Z^ + m-fZy - m(3Z^ 



Xy + maZ, 



Zj- 

X^ 



• X' 



maZ,, 
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We see that T does not preserve the subgroup Gl — M?cQl generated by 

The metric and 5-field (13.141) on / x can be extended to M x by continuing in 
X. This gives a covering space C of T in which the first identification in (13.361) is dropped. 
It is obtained by identifying Q under Tc where Tc is the subgroup of F with a = 0. The 
subgroup Gl — C generated by (X^,X^) is preserved by Tq, so that the coset 
C/Gl is well-defined, and gives the covering space Ct of the T-fold considered previously. 

Finally, consider the identification a; ~ a; + 1, so that the fibres at x = and x = 1 
are glued together with an 0(2, 2; Z) transformation. For the doubled space / x T^, the 
0(2, 2; Z) gluing is a diffeomorphism of the T^, giving a bundle over S^, which is 
precisely T with the coordinate identification given in (I3.36p . For I x T^, the 0(2, 2; Z) 
gluing is a T-duality giving a T-fold. The local structure of the T-fold is that of the coset 
C/Gl. 

3.3 The Doubled Twisted Torus 

The doubled torus geometry T gives a geometric interpretation to the action of the twist 
matrix N^b but does not give a geometric interpretation for the full gauge algebra (13.101) . 
In the nilfold polarisation, the natural left-invariant vector fields (13.211) on T satisfy the 
algebra 

[Z,,Z,] = mZy [Z^,Xy]=mX' 

where all other commutators vanish. This algebra is a subgroup of a contraction of the 
full gauge algebra of the theory (12. 6p . which is 

[Z,,Z,]=mZy [Z,,X^]=mX^ [Z„X^] = -mX^ (3.38) 

where all other commutators vanish. This highlights the fact that the doubled torus 
formulation does not encode all of the information of the field theory (12. 6p in its geometry. 

This is not surprising since, as discussed in [22] and reviewed in Section 2, the generator 
X^ of 5-shifts with one leg along S]. does not have a geometric interpretation in the T 
construction. It can be geometrised by introducing an auxiliary coordinate for the base 
coordinate x so that (x, X^) — (x, x, X"^). Indeed, it is natural to introduce a variable 
X conjugate to winding modes on the x circle. The natural doubled geometry, encoding 
the full gauge group, is given by the six- dimensional noncompact group manifold Q with 
Lie algebra (I3.38P and then taking the quotient by some discrete subgroup F to obtain a 
compact six-dimensional doubled twisted torus X = Q /V. 

The six- dimensional doubled group is ^ = G ix M'^ where G is the three-dimensional 
Heisenberg group, so that Q is the cotangent bundle Q = T*G of the Heisenberg group. 
A matrix representation for the Lie algebra (13.380 can be given in terms of the (13.50 
as 



T 



ty 
ty 







t. 


ty 
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and so a general element of the doubled group may be written as 



/ 1 


mx 


y 








z 







1 


z 








-y 










1 
















—my Q 


; — mzy 


1 


mx 


y + \my'^ 
















1 


z 




Vo 














1 


/ 



(3.39) 



showing the dependence on the coordinates (x, y, y, z). 

Taking the quotient of Q by the action of eliminates x and gives the five-dimensional 
group manifold used in the doubled torus construction considered in the previous sub- 
section. The choice of discrete cocompact subgroup F of the six-dimensional group Q 
is largely dictated by requiring that it be compatible with the five-dimensional quotient 
used in the doubled torus construction. The global structure of the twisted torus Q /T is 
then given by the identification g h ■ g, where a generic element /i G F is given by 

/ 1 m,a P (3 \ 

1 7 -7 

1 

—m$ a — m/37 1 ma 13 -\- |m/3^ 

1 7 

V 1 



h 



/ 

where (a, /5, 7, a, /3, 7) are arbitrary integers. The left action oihis g 
the coordinates through 



h ■ g and acts on 



X ^ X + a y 
X ^ X + m'-yy + a y 



y + maz + /3 

y + ^ 



z ^ z + ^ 

z ^ z — may + 7 



(3.40) 



Identifying Q under the action of F implies that the coordinates are subject to the iden- 
tifications 



{x,y,z,x,y,z) 
(x,y,z,x,y,z) 
(x,y,z,x,y,z) 
(x,y,z,x,y,z) 
{x,y,z,x,y,z) 
(x,y,z,x,y,z) 



{x + l,y + mz, z, x,y,z — my) 
(x,y + l,z,x,y,z) 
{x,y,z + l,x + my,y, z) 
(x,y,z,x + l,y,z) 
(x,y,z,x,y + l,z) 
(x,y,z,x,y,z + l) 



(3.41) 



The doubled group Q has a natural action oiQi^Qn which is generated by right- and 
left-invariant vector fields. The right action is generated by the left-invariant vector 
fields 

d_ 
dy 



ox 



^ d d 
Z^^ — + mx— 
oz ay 



d d d d d 

X^ = — Xy = +mz—-mx— = ^ 

ox ay ox oz oz 



(3.42) 
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which satisfy the commutation relations of the full gauge algebra of the supergravity 
(I3.38p . Since the cocompact subgroup F acts from the left, the left-invariant {Zm,X"^) 
are globally defined on X. The left-invariant one-forms (P™, Qm), dual to the vector fields 



= dx py = dy — mxdz P^ = dz 

Qx = dx — mzdy Qy = dy Qz = dz + mxdy 

These one-forms generalise those of the nilfold (13. 2p and the doubled torus fl3.23p . The 
generators of the left action, Ql, are 



d d ^ d ~ d ~ d ^ d 

— + mz- my— Zy = — = — + my— 

ox oy oz oy oz ox 

d ~. d ~, d 



X" = ^ = 7F ^' = ^ (3.44) 

ox oy oz 

These are not invariant under F and transform as 

Zx ^ Zx + rwyZy — mj3X^ Zy ^ Zy Z^ Z^ — raaZy + m(3X^ 

Xy -^Xy + maX^ - m7X^ X^ X^ 



We see that the X*^ close to generate an abelian sub-group Gl — C Ql- Since F 
preserves Gl, the nilfold geometry is in fact recovered globally as the quotient 

M - X/Gl 

To see this, the group element f l3.39p can be decomposed as 

9 = g-k 

where g E Gl and the coset representative k 

where g' is an element of the Heisenberg group G as given by (13.60 . Since F preserves Gl 
we can recover the global structure of the nilfold by the action of F on (x, y, z). 



3.3.1 Polarisations 

Following Section 2, it is useful to introduce a polarisation of the Lie algebra, with a 
projector H^m projecting the generators T^^ onto Z^, associated with an action on the 
coordinates a;, z, and the complementary projector FI^m onto the X™. These combine 
into a polarisation tensor 

nm 

W M ^ 



n 



mM 
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so that 



T 



M 



e 



M rpM 



xy 



The left-invariant forms on Q are similarly projected onto P'^ and Qm, 



r — t) Mr — 



pr. 
Qr. 



Similarly, the same projectors split the right-invariant into and X™. As in section 
2, if the X"^ generate a closed algebra then they constitute an integrable distribution and 
define a submanifold, at least locally. 

Wc can also define a polarisation of the coordinates. Let the coordinates of X be X^, 
/ = 1, 2, .., 6. A polarisation = {x, y, z) = n*/X^ then locally selects which three of the 
six X''^ are to be treated as the physical coordinates {x,y,z), and which three are to be 
treated as auxiliary, Xi = {x, y, z) = UnH^ . As we shall see, for a geometric background 
or for one that is locally geometric (e.g. a T-fold) the background configuration is given 
in terms of fields that depend on {x,y,z) but not {x,y,z). It is useful to introduce a 
polarisation tensor for the coordinates 




x^~ = e^/X^ 



/ x\ 

y 

z 

X 

y 

J 

The different polarisations we shall consider will just correspond to a relabeling of the 
coordinates, choosing different subsets of three of the six coordinates to be physical. 

Nilfold 

The nilfold is recovered by the polarisation choice 

y = WiX^ = X2 z^ U'll 
y = UyiX' = X5 z^ U^il 

which corresponds to the polarisation tensor 



X = n^/X^ = 
X = U^iX' = 



(3.45) 



/ 1 














o\ 





1 




















1 




















1 




















1 



















1/ 
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This selects the submanifold with coordinates x, j/, z, which is of course the nilfold. The 
doubled twisted torus is the cotangent bundle for the Heisenberg group, Q = T*G = 
GixMj^, modded out by F. The polarisation projection 11 can then be identified as the 
natural bundle projection of the cotangent bundle to the base 11 : T*G G. As in the 
doubled torus construction, we can recover the dual formulation as a with iJ-flux or 
as a T-fold as different polarisations of the same doubled background. 

As before, acting with a linear transformation O changes the polarisation 

e ^ e' = eo 

and any two polarisations are related in this way. This changes the polarisation of the 
Lie algebra in the way described above, and we shall accompany this with the relabeling 
of the coordinates associated with the change of coordinate polarisation, using the same 
linear transformation O. If O E 0(2, 2; Z), the T-duality group acting on the coordinates 
y, z, y, z, then the two polarisations give two backgrounds related by a T-duality, as we 
shall review below, and these give two physically equivalent string backgrounds. However, 
other polarisations seem possible, with O not in 0(2, 2; Z), and the question arises as to 
whether they give physically equivalent backgrounds. In [TU], it was conjectured that 
there are generalised T-dualities acting in precisely this way, and we will see below that 
the doubled twisted torus formalism suggests a natural form for these. 

The one-forms in this polarisation are 

= dx py = dy — mxdz P^ = dz 

Qx = dx — mzdy Qy = dy = dz + mxdy 

Here, the left-invariant one-forms on the Heisenberg group G and on G = are P"* 
and dxm respectively. This case is a special example of the twisted torus case considered 
in section 2. Note that we can work in terms of the derivatives of the coordinates dx'^, 
instead of the frame forms P"^ and obtain the coordinate metric directly. 

The algebra fl3.38p is a Drinfel'd double and we can follow the general procedure 
outlined in section 2.6 to recover a conventional description of the background. The 
natural Gr- and Gi-invariant forms in this polarisation are 

r^' = dx = dy — mzdx = dz 

= dx iy = dy = dz 

(Note that P^ ^ r^.) The ^^-invariant one- form P^^, in the nilfold polarisation, may be 
written as P*^ = <l>*V^*^(x), where = (r'",C) and 



N 



Am'"' 



n 



The adjoint action of the Heisenberg group on itself, which appears in V, is given by 



A ^ 
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The construction of section 2.6 gives the G^-invariant metric 
where 

\ —mx 1 + m^x 

and the contribution from the generahsed metric Ti-MNix) to the i?-field is zero. In fact, 
by substituting 




-d r'^A 



-mdx Ady Adz 
2 ^ 



-mdx Ady Adz 



into fl2.63p . we see that = in this polarisation. The 3-dimensional nilfold geometry is 
thus recovered. 

with i7-Flux 

We now consider acting with O G 0(2, 2; Z) to change the polarisation to that corre- 
sponding to the with constant if-fiux. The element O and polarisation tensor are 
given by 

/ 1 \ 
1 
1 
1 
1 
\ 1 / 

As in the doubled torus bundle T, the action of a T-duality along the ?/-direction has the 
effect of exchanging 



= Q 



y 



py 



Qy 



relative to the nilfold polarisation. The gauge algebra of the resulting supergravity is, 
by construction, identical to that from the nilfold. However, we now label the generators 
acting geometrically on the as Zm {Z^ is the U{1) acting on the x-circle etc) and the 
ones from 5-field transformations as X™, so that the algebra is now 



[Zx, Zz 



[Zx, Zy 



mX' 



[Zz, Zy 



-mX^ 



where all other commutators vanish. This is of course the same algebra as in fl3.38p . after 
relabeling the generators. 

This Lie algebra fixes the local structure of the doubled twisted torus and it is partic- 
ularly useful to consider the left-invariant one-forms on A", which may be written as 



= dx 
Qx = dx — mzdy 



py = dy 

Qy = dy — mxdz 



P' = dz 

Qz = dz + mxdy 



(3.46) 
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The one-forms tell us that the spacetime is locally 
coordinates is 



The action of F on the 



X ^ X + a y 
X X + rri'yy + a y 



y + /3 

y + maz + /? 



z ^ z + 

z ^ z — may + 7 



(3.47) 



The identification g h ■ g imposes the following identifications on the coordinates 



{x,y,z,x,y, z) 
{x,y,z,x,y, z) 
{x,y,z,x,y,z) 
{x,y,z,x,y, z) 
{x,y,z,x,y,z) 
{x,y,z,x,y,z) 



(x + 1, y, z,x,y + mz, z — my) 

+ z) 
{x,y,z + l,x + my,y, z) 

z, x + z) 
{x,y,z,x,y + 1,5) 
{x,y,z,x,y,z + 1) 



(3.48) 



We see from the identifications of the spacetime coordinates (x, y, z) that the spacetime 
globally is a 



The generators of the left action, Ql, are 
~ d d d 



+ 'mz— - my— 
ox oy oz 

X^= — 
dx 



XV 



d_ 
dy 
d_ 
dy 



d 



d 



o +my— 
oz ox 



X' = — 
dz 



(3.49) 



These are not invariant under the action of F and transform as 



^ Z,^ + m-fXy - mpX' 
Zy-^Zy + maX' - m7X^ 
Z^^Z^- maXy + mpX^ 



XV 
X^ 



XX 

XV 
X^ 



The X^ generate an abelian group Gl — C ^l. We see that F preserves Gl and we 
can recover the spacetime as the quotient ~ X jG^- 

We now recover the conventional background from the doubled geometry following 
section 2.6. As discussed in section 2.6, we use the parameterisation in which an element 
of Q is written as h = gk. Using the generators 



t. 








T 











tz 

u 

ty 





= { \ = \ \ = 

\ty J \0 ty J 

where the matrices tm are given in (13. 5p and writing a general element of Q as 

h = gk = exp(x„T'") exp(a;'"T„) 
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we find that 



/ 1 








mx y 

1 z 

1 

—my X 1 













z 

-y 





mx y + ^my"^ 



1 




2' 

Z 

1 



Then the left-invariant forms and Qm in this parameterisation are 



= dx 
Qx = dx + mydz 



py = dy 

Qy = dy — mxdz 



pz 



dz 

dz + mxdy 



(3.50) 



It is useful to have k and g exphcitly 



/ 1 






mx 
1 





z 

1 









\ 



—my 1 mx 




\ 

so that we can determine g'^dg 



1 




-y 



1 2 

^my 

z 



dx 

mzdy 
dx 



„T™ and dkk- 
dy 

—mxdz 
dy 



/ 1 y 5 \ 

1 

1 

5 1 y 

1 

\ 1 / 

r = r^Tjn + rmT"^ exphcitly 
= dz 

= mxdy (3.51) 
= dz 



We note that 

Qx = qx + mydz - mzdy 



Qy = Qy + mzdx — mxdz Qz = Qz + mxdy — mydx 



where Qm is given in (13.501) and q, 



$^V^^^ where 



■ ^m + fm- We write the left-invariant one-form on Q 

r"^,qm) and 



V 



M 



N 



b 



5" 



where 



b 




The metric for this background is fiat 

ds""-- 



S dr"" 



dx"" 



and from the identifications (I3.48P we see that globally the compact space is T^. We now 
consider the if-field. The antisymmetric matrix bmn in V^*^ defines a two-form 

b = mzdx A dy + mydz A dx + mxdy A dz 
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so that 

It is not hard to show that 



db = 3mdx A dy A dz 



-mdx A dy Adz /C = —mdx A dy Adz 



2 ^ ' ' 2 
so that the physical if-field given by (12.641) is 

H = mdx A dy A dz 

and we recover the with constant if-flux background as expected. 
T-Fold 

We now consider acting on the nilfold polarisation with a different O G 0(2, 2; Z) to 
change the polarisation to that of the T-fold. The element O and polarisation tensor are 
given by 

/ 1 \ 
1 
1 
1 
1 

\ 1 y 

Acting with this O, which corresponds to performing a T-duality along the z-direction, 
has the effect of exchanging 



O = 



pz 



relative to the nilfold polarisation. The gauge algebra of the corresponding field theory 
(USD is 



-mX' 



[z,, X'] = mZy [z,, xy] = mz, [x^ xy] 

where all other commutators vanish. The left-invariant one-forms corresponding to this 
algebra are 



= dx 
Qj. = dx — mzdy 



py = dy — mxdz 
Qy = dy 



P^ = dz + mxdy 
Qz = dz 



(3.52) 



The global structure F of the doubled twisted torus X is determined by the rigid left 
action on the coordinates 



X X + a 

X — > X + m^y + a 



y ^ y + maz + z 
y + P z 



z — may + 7 

5 + 7 



(3.53) 



and we can identify Q under the action of T so that the coordinates on X are subject to 
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the identifications 



{x,y,z,x,y,z) ~ {x + l,y + mz, z — my, x,y, z) 

{x,y,z,x,y,z) ~ {x,y + 1, z, x,y, z) 

{x,y,z,x,y,z) ~ {x,y, z + 1, x,y, z) 

{x,y,z,x,y,z) ~ {x,y, z, x + l,y, z) 

{x,y,z,x,y,z) ~ {x,y, z, x,y + 1, z) 

{x,y,z,x,y,z) ~ {x,y, z, x + my,y, z + 1) (3.54) 

We see that, under the identification, the physical coordinates {y, z) mix with the auxihary 
coordinates {y, z) so that, whilst the polarisation of V^^ into one-forms corresponding to 
differing maximally isotropic subgroups of Q is globally defined, the polarisation of the 
coordinates X-'^ is not and so the distinction between spacetime coordinates = (x, y, z) 
and auxiliary coordinates Xi = [x, y, z) can not be made globally. The generators of the 
left action Ql, in this polarisation, are 



d ^ d ^ d ~ d ~ d 

— + mz- my— Zy = — Z^ = — 

ox oy oz oy oz 



~ d ~ d ~ d d 

X^ = — Xy = — X^= +my— (3.55) 
ox oy oz Ox 

These are not invariant under F and transform as 

Z^^Z^, + m^Zy - m(3Z, 

Zy -^Zy xy ^ Xy + maZ, - m7X^ 

Z^ ^Z^ X' ^X' - maZy + m/3X^ 

The X™ generate the Heisenberg group Gl C Ql- We can identify the cover of the T-fold 
as the coset Ct — G/Gl, but since T does not preserve Gl, the quotient X/Gl is not well- 
defined in a conventional sense. Instead, a patch of the spacetime is recovered as a patch 
of the coset Q /Gl- As remarked above, there is no global spacetime description of the T- 
fold and we must glue these local spacetime descriptions together with the identifications 

dm. 

The action of Gl on the coordinates is 

X ^ X y ^ y z ^ z 

X ^ X + m^y + a y ^ y + [3 z ^ z + 
The natural left-invariant one-forms on G (the three-dimensional Heisenberg group) are 

Qx Qy Qz 

Since the group G = is abelian, the right- and left-invariant forms on G coincide 
_ £m _ (j^rj.m^ rjj^^ ^j^-invariaut one-forms may then be written, as in section 2.6, as 

-pM ^ (^N^^M ^l^g^g ^ [dx'^,lrn) and 

N _ I U 
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where 











mx 
-mx 



The Gi-invariant metric is then 



MN 



from which we read off 
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mx 





1 + {mxY 
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1 + {mx 
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9tj 



1 + imx) 



[mx) 









1 
1 



mx 



(mx) 




(3.56) 



Using 



— -mdx A dy A dz K, = —mdx Ady Adz 



in the expression (I2.63P , we find that the if-field strength is simply given by H = db with 
b given in fl3.56l) . 



3.3.2 R-Flux 



The doubled twisted torus construction allows us to consider acting with an element O 
of 0(3, 3; Z) to give a new polarisation 9 



o = e = 



( ° 








1 





o\ 





1 




















1 











1 





























1 





vo 














1 / 



This change of polarisation exchanges 

Z^^X"" x^x P'^^Q^ (3.57) 
relative to the T-fold polarisation above. The left-invariant one-forms on X are 

= dx — mzdy P^ = dy — mxdz P"" = dz + mxdy ,^ 
Qx = dx Qy = dy Qz = dz 



49 



which describes the local structure of the doubled twisted torus. The global structure of 
X is determined by the rigid left action of the cocompact group T <Z Gl, which acts on 
the coordinates as 



X — > X + m'jy + a 
X ^ X + a 



y ^ y + maz + (3 z 



z — may + 7 
5 + 7 



(3.59) 



Identification of Q under F requires that the coordinates are subject to the identifications 



{x,y,z,x,y,z) 
{x,y,z,x,y,z) 
(x,y,z,x,y,z) 
(x,y,z,x,y,z) 
(x,y,z,x,y,z) 
(x,y,z,x,y,z) 



{x + l,y,z,x,y,z) 

(x,y + l,z,x,y,z) 

(x,y,z + l,x,y,z) 

{x, y + mz, z — my, x + 1, y, z) 

(x,y,z,x,y + l,z) 

{x + my,y,z,x,y,z + l) 



(3.60) 



The left-acting group Ql is generated by 



d_ 

dx 



d 



mz- 



Z - ^ 
ax 

. d 
my- 



dy dz 
which satisfy the commutation relation 

[X'',X'] = -mZy 



Zoi — -:: — 



xy 



d_ 

dy 
d 



^ dz 



X' 



d 



d 



- + my- 
oz ax 



(3.61) 



-mZz 



[X'\X^ 



mZ^ 



where all other commutators vanish. The X's do not close to form a sub-algebra and 
so there is no subgroup Gl (Z Ql, generated by X'^, with which we can form a quotient 
Q/Gl or X /Gl. In contrast to the previous polarisations, there is no way to recover a 
conventional description of spacetime, even locally. This may be seen in the action of Gl 
on the coordinates 

X ^ x + mjy y ^ y + maz z ^ z — may 
x^x^a y ^ y + (3 z ^ z + j 

where we see that G^ acts on all of the coordinates, not just those we identify as auxiliary 
coordinates. As described in section 2.6, it is still possible to write the left-invariant one- 
forms in the form — ^'^V^^, where Vj^^^ is independent of the Xi and may be used 
to define a Gi-invariant metric H-Mfj] however, this does not give rise to a Xi-independent 
metric and i?-field strength. 

We wish to interpret the coordinates x,y,z as spacetime coordinates and x, y, z as dual 
coordinates conjugate to winding numbers. The background fields, in this polarisation, 
depend explicitly on the dual coordinate x and so the background is not a conventional ge- 
ometry on the three-dimensional space with coordinates x, y, z, and can not be understood 
as a conventional spacetime, even locally. However, a dependence of the background fields 
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on the auxiliary coordinates is quite natural in the doubled twisted torus description, and 
might be expected for general string solutions. 

This example with R-fiux arose from the replacement fl3.57p of x with x in the T- 
fold generalised metric (13.341) . so that it may be viewed as a fibration over the dual 
coordinate x ~ [10]. On doubling the fibres, the T-fold is represented by a T'^ bundle 
T over the x-circle, while the dual space is a 5-dimensional space T which is a fibration 
over the dual circle 

i 

The coordinates x and x appear together in the fully doubled six- dimensional geometry 
X and X provides a universal description including both T and T. 

In general, the metric and flux, TC and JCon X, might depend on the dual coordinates Xi 
as well as the spacetime coordinates x*. When i?^"'' = 0, and a description of the physics 
is locally possible in terms of a conventional spacetime, we do not expect the metric 
and if-field strength on the physical background to depend explicitly on the auxiliary 
coordinates. The fact that the physical background fields are invariant under the action 
of a group Gl when R^"-'^ = allows for the Xj-dependence in Hij and /C to be consistently 
removed and the Xj-independent metric and if-field strength on the physical spacetime 
to be recovered for a given polarisation as discussed in section 2.6. In general, both 
the generalised metric 7i/j and the generalised flux JC will contribute to the physical 
background and the fields gij{x) and H{x) emerge as a G^-invariant combination of the 
components of Hij{X) and /C(X). 

For R-fiux examples such as that considered here, the generators X"^ do not form a 
closed subalgebra so that there is no invariance of the physical background fields under 
a subgroup that can be used to recover a conventional metric and if-field strength, in 
keeping with the conclusion that such cases do not admit a conventional description as a 
three-dimensional Riemannian geometry, even locally. 

4 Sigma Model for the Doubled Torus Fibration 

Here, and in the following sections, we shall be interested in studying the doubled torus 
bundle T and the doubled twisted torus X as target spaces for two-dimensional sigma 
models. Doubling some or all of the target space dimensions leads to extra degrees of 
freedom, but a constraint reduces the degrees of freedom again to give the right content 
of the theory. Of particular interest, will be the recovery of a conventional world-sheet 
description of the sigma-model with target the (undoubled) spacetime. We will examine in 
detail the recovery of the sigma-models for the nilfold, T-fold, and the with constant 
i^-flux backgrounds from these doubled descriptions. In the next section, we shall see 
how these backgrounds are recovered from the doubled sigma model introduced in [7] 
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by an appropriate choice of polarisation of the five-dimensional doubled torus bundle T. 
In section 6 this construction will be generalised and we shall introduce a sigma model 
which describes the embedding of S into the six-dimensional doubled twisted torus X. 
This new sigma model allows for a description of compactifications with i?-flux, for which 
no conventional spacetime description exists. 

In this section, the sigma model for the doubled torus fibration is reviewed. We shall 
assume that the doubled torus fibres are 2(i-dimensional, for general d, and only restrict 
to the case o? = 2 in the next section where the nilfold, T-fold and with constant if-flux 
examples are considered explicitly. 

4.1 Non-Linear Sigma Model for a Conventional Torus Bundle 

Before proceeding to the doubled cases, we first review the conventional sigma model with 
world-sheet, E and a {d + A;)-dimensional target space Af which is a d-dimensional torus 
fibration over a /c-dimensional base manifold M. 

i 

M 

We introduce local coordinates on the base M {u,v — 1, 2, ...k ) and periodic coordi- 
nates z°- on the torus fibres (a, 6 = A; -|- 1, A; -|- 2, k-\- d). The metric Qab on the T"^ fibre 
is taken to be independent of the fibre coordinates z°' but in general depends on the base 
coordinates x". It is convenient to write the metric on H as 

Q _ f 9uv + 9ab^°'u^^v Qac^'^v 
V gbc-^^u gab 

where the one-forms A"- — A"-udx^ are the U{lY connections of the T"^ fibration and Quv 
is a metric on M. 

The sigma model is given by the action 

where A"- = A°'udaX^da°' now denotes the pull-back of the connection one-form to the 
world-sheet E and ci" = (r, a) are coordinates on the world-sheet. The exterior derivative 
is pulled back to the world-sheet, so that d = da'^da, and we take the world-sheet metric 
to be Lorentzian so that *^ = 1. It is useful to write this action as 

Sj^^]^j Guvdx^ A ^dx"" + ^ ^ 9abdz"- A *dz'' + ^ dz" A *Ja (4.3) 

where Guv = 9uv + QabA^-uA^v and J a = QabA'^udx'^. 

Here, we shall be particularly interested in the case where the base M is a circle Si 
with coordinate x ~ x -|- 1 as considered in section 2. The monodromy of the fibration 
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is {e-^Yb where, in order for the geometry to be smooth, we require that this monodromy 
is an element of SL{d; Z) - the mapping class group of the T"^ fibres. The {d + 1)- 
dimensional target space is then J\f = G/T, as described in section 2.1. The effect of this 
SL{d; Z)-twist can be captured in the sigma model (14.31) by introducing the Gi-invariant 
world-sheet one-forms 

pa ^ ^e^^Ybda'^daz'' P^' = da^'daX 

The forms = (P^', P") are pull-backs of the one-forms fl2.16p and satisfy the Maurer- 
Cartan equations 

rfP^ = dP"- /%P^ AP^ = 

where d = da°'da is a world-sheet derivative. The metric Qab is given in terms of a constant 
metric hab on T'^ by gab{x) = {ef^)a^hcd{e^^Yb- The sigma model action is then 

Sm = ^^ GP^'A *P^- + i habP'' A*P' + ^ P^A *Ja (4.4) 

where G = l + habA^-^A^j. and Ja = habA°-- Note that G and A"-^ here are both independent 
of the base coordinate and the only explicit x-dependence is contained in P". The left 
action of G is a rigid symmetry of the sigma model. If the background has an if-flux then 
we there is also a Wess-Zumino term. We now consider how the physics of this sigma 
model, and those for more general monodromies, can be described in the doubled torus 
formalism. 



4.2 Sigma Model for the Doubled Torus Bundle 

As discussed in section 2, the T'^ fibration with P- field over M defines a T^'^ fibration over 
the base M. The metric gab and P-field Bab of the T'^ fibres specifies a generalised, x"- 
dependent, metric TCab on the T^"^ fibres of a doubled torus fibration over M. In addition, 
the connection one-form of the T"' fibration A"- = A°'udx^ and the P-field components 
Ba = Baudx"^ determine a connection = A^udx"^ for the doubled torus fibration with 
field strength J^^ = dA^. The sigma model for the doubled torus fibration is the analogue 
of (14.31) for the conventional geometry where instead of the {d + k) x {d + k) metric Gij 
given in (13. 6p we have the {2d + k) x [2d + k) metric 

The sigma model contains, in addition to a term Sg given by integrating the world-sheet 
metric induced by G over S, a Wess-Zumino term 

S^, = -\j^ LABdX^ A = £ LABdX^ A A"" 

where ^ is a three-dimensional extension of the world-sheet such that dV = S and Lab 
is the invariant of 0{d, d). It is also necessary to include a topological term [8] 

Sn = l (f nABdX^ A dX^ 
4 Jt, 
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where 





The topological Sn term does not contribute to the equations of motion but it does play 
an important role in the quantum theory [8]. There may also be terms in the world- 
sheet action corresponding to other target space dimensions and the target space fields 
in general may depend on the corresponding coordinates. Such terms and dependencies 
will play no role in our analysis and will be suppressed here, although these terms are 
important in constructing conformally-invariant backgrounds. 

The action, S = Sq + S^z + Sq, for the sigma model on T is [S] 

Sr = - i Guvdx'' A *dx'' + - I HABdX^ A *dX^ -- (f dX^ A*Ja 

+] ([ QABdX^ A dX^ (4.5) 
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where 



Ja = nABA"" - Lab * A"" (4.6) 

The correct number of physical degrees of freedom is ensured by the imposition of the 
self-duality constraint [7\ 

rfX^ = L"^^ {Hbc * dX^ + *Jb) (4.7) 

where H-ab and J a may depend on the base coordinate a;". This constraint is consistent 
with the equations of motion of the sigma model 04.51) . The constraint can be thought of 
as imposing that half of the X"^ are right-moving and half left-moving, with the split into 
these two sectors varying over the base. 

When the base M is a circle 5*^, with coordinate a; ~ x -|- 1, then the doubled torus 
bundle is the odd-dimensional twisted torus T ~ ^/F discussed in section 2.3. On S one 
can then define the ^^-invariant one-forms 

= da'^do^x = (e^")^Brfa"a„X^ (4.8) 

which are the pull-backs of the ^^.-invariant target space one-forms (12.231) to the world- 
sheet. These one- forms satisfy the pull-backs of the Maurer-Cartan equations 

rfP^ = dV^- N^bP"" AV^ = 

where, in contrast to (12.231) . the exterior derivative here is that of the world-sheet d = 
da^da- The x-dependent doubled metric Hab can be written in terms of the x-independent 
doubled metric Mab appearing in the Lagrangian (12. 2p as 

HABix) = {e''nA''McD{e''TB 
The sigma model describing the embedding of S into T may then be written as 

Sr = GP"" A + ^ MabP"^ a + i LabV^ A *Ja 

+ - / QABdX^ A dX^ (4.9) 
4 is 
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where G = 1 + ]^M. ab-^'^ x-^^ x- Written in this way, the rigid invariance of the sigma 
model action under Ql is manifest (note that the variation of the topological term under 
Ql gives a total derivative). We shall see that the invariance of the action under subgroups 
Gl Gl plays a crucial role in imposing the self-duality constraint (14. 7p in the quantum 
theory. Indeed, the self-duality constraint fl4.7p may also be written in a manifestly Ql- 
covariant form [5] 

(pA ^ _ L^'^'Mbc * {V^ + A'^) (4. 10) 

4.3 Polarisations and Constraints 

One may think of the sigma model (14.51) as a universal sigma model from which different 
dual sigma models on {d + fc)-dimensional target spaces, all described as T'^ fibrations 
over M, can be recovered. A conventional sigma model is recovered by specifying a choice 
of polarisation, z°- = n^^X"^, in the target space, as discussed in section 2.3. For locally 
geometric backgrounds, only d of the 2d X"^ fields correspond to independent physical 
degrees of freedom and, once a polarisation is specified, those coordinates that are chosen 
to play the role of the auxiliary Za may be written in terms of the physical (x, z""), provided 
the Za only appear through their derivative dza- The precise relationship between the 
(derivative of the) auxiliary Za and the physical coordinates (x, z"') is given by the self- 
duality constraint (14.71) . It is this constraint (14. 7p which ensures that, when a global 
polarisation can be found, the physical sigma model can be described purely in terms of 
the local physical space-time coordinates = (x, z"") selected by this polarisation. 

As explained in section 2.3, the polarisation 11 may not be globally defined and it may 
not always be possible to globally choose which d of the 2d fibre coordinates X"^ will be 
identified as the physical coordinates z". Over a contractible patch of the base M, we can 
define a polarisation which selects coordinates z'^ from the doubled X"^. This then gives 
a patch of spacetime with coordinates (x",z"). As explained in section 2.3 and also in 
2.4, these patches must be carefully glued together to obtain a global description of the 
target space. 

Of particular interest is the case where M = and T = Q/T, as described in section 
2. In this case it is possible to define a constant polarisation on the interval Ix, given 
by < X < 1, of the base. The metric and i?-field on x T^"^ can be extended to 

X T^*^ by continuing in x, as was done for the five-dimensional doubled torus bundle 
in section 3.2.1. This gives a covering space Cr of T in which the identification (x, X"^) ~ 
(x + 1, (e~^)'^BX^) is dropped and the cover may be thought of as the coset Ct — G/^c, 
where Tc is the subgroup of F which gives the identifications of the T^'^ coordinates only. 
The subgroup Gl — M'' C generated by X" is preserved by F^, so that the coset 
Ct/Gi is well-defined. The self-duality constraint (14.101) may be consistently imposed on 
the coordinates of this cover, eliminating all Za dependence so that the sigma model is 
written solely in terms of the embedding into the target space directions with coordinates 
X and z". The doubled sigma model (14. 9 p then reduces to a sigma model with target 
space given by Cr/Gi - a.T'^ fibration over M^.. As described in section 2.3, one may then 
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replace M^; with 5*^ by identifying the remaining target space coordinates under the full 
action of F. 

We now turn to consider in more detail how the constraint fl4.10p is imposed on the 
doubled torus sigma model (I4.9p . In section 5 we shall consider several explicit applications 
of this formalism. 

4.4 The Classical Theory 

In this section and the next we concentrate on the {2d + l)-dimensional doubled torus 
bundle T = Q /T for which the base of the T'^ bundle is M = S].. We first consider 
the cover Cr given by replacing 5*^ with M^^. A polarisation 11 can be globally defined 
on this cover. Once a polarisation is specified, the metric gab and i?-field Bab on the 
physical T'^ can be extracted from the generalised metric M.ab (12.281) . It is also useful 
to define the polarisation of the corresponding ^j^-invariant one- forms (14. 8 p = H'^a'P^ 
and Qa = Ha/P^ where 

= {e^'^rbdz' + {e^'^y'd-Zb Qa = {e''"')a'd~Zb + (e^^')a,rf/ (4.11) 

The self-duality constraint (I4.10p may then be written as 

Qa = gab * {P' + A') + BabP' + Ba,P^ (4.12) 

where P" and Qa are given by (14. lip . Note that Za only appears as the derivative dza 
in (14. lip and (I4.12p . In the classical theory, one considers the Za to be auxiliary fields 
and eliminates all dza-dependence in the equations of motion using (I4.12p . leaving the 
equations of motion written in terms of x, dx and dz"- only. The requirement that the 
polarisation selects a null space with respect to Lab ensures that the Za dependence may 
be completely eliminated from the equations of motion using the self-duality constraint. 
If we now impose the identification x ~ x + 1, in effect replacing M^. with again, we 
must consider how the theory in the physical T'^ fibres is patched together. As explained 
in section 2.3, if the polarisation is not globally defined, i.e. if Gl does not preserve and 
is not preserved by F, then this local description in terms of the coordinates x and 
does not extend globally. Imposing the constraint (I4.10p in the quantum theory is more 
involved, as we shall now discuss. 

4.5 The Quantum Theory 

Let us consider first the {2d + l)-dimensional doubled target space Cr, which may be 
thought of as a cover of the doubled torus bundle T ~ Q/T. As seen in section 2, for 
a given polarisation, a cover of the {d + l)-dimensional physical target space is given by 
the coset Ct/Gl, where Gl C Ql is the subgroup selected by the polarisation 11. More 
generally, a sigma model on the coset H/K is obtained by gauging a, K G H symmetry 
of the sigma model on H . Applying this to the case here, a conventional sigma model 
description of the background is then recovered locally by gauging the left-acting abelian 
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isometry group Gl ~ M*^ C (generated by X° = I\°-^Ta) of the doubled formalism 
sigma model (14 .Op with target space Q [8]. 

Now let us consider the case where the doubled target space is the compact twisted 
torus T = Q /V. As discussed in section 2, if V preserves and is preserved by Gl, then 
the action of is well-defined on T and the sigma model on the physical T'' bundle is 
recovered globally as the sigma model on the quotient T /Gl. This sigma model is given 
by gauging the ~ R'' subgroup of Q for the sigma model on T . li Gl is not preserved 
by r, then the physical background is not a T'^ bundle, but a T-fold. In this case the 
sigma model in the patch over < x < 1 may be given again by gauging the sigma 
model as described above. A global description of the target space is given by identifying 
x ~ a; + 1 as discussed in sub-section 2.3. 

We now review how the gauging imposes the constraint (14.101) and selects a polarisa- 
tion, following [8]. We first consider a sigma model with target space Cr, the cover of T, 
upon which a global polarisation may be defined. The polarisation selects a subset of the 
coordinates Za which are the auxiliary ones to be eliminated, and a subgroup Gl C Ql- 
The generators of Gl act as shifts on the auxiliary coordinates Za, Sza = Cq, which are 
isometries of the doubled metric Ti. The vector fields X" will be well-defined on a cover 
Cr in general. Gauging this isometry requires the introduction of the world-sheet gauge 
fields, which are one-forms Ga = Gaa{T,o')da°', and allowing the parameters to depend 
on the world-sheet coordinates = ea(r, a). The one-forms transform under the local 
symmetry as 6Ga = —dea so that the derivatives 

VX^ = dX^ + U^^Ga 

are gauge-invariant. The minimal coupling dX^ VX^ is equivalent to the minimal 
coupling of the auxiliary fields dza — > T>Za = dza + Ga, and this allows dza to be absorbed 
into a shift of Ga- 

For the example considered here, where the bundle T is given by a duality- twist (12.91) . 
it is useful to consider C^, related to the one-form Ga by the action of the twist matrix 
on the projection with the polarisation tensor: 

If we then define C"" = U'^aC^ and Ca = HaA^^ we may write 

r = {e^^r'Gt Ca = (e^^),^a 

For the choice of polarisation in which Q'^^ = n^^A^^^Il'''^ is zero, Q"'' = 0, we have 
C = and is left unaltered by the minimal coupling. If Q""^ ^ 0, then C"" ^ and 
both and Qa receive minimal coupling corrections. 

The gauged sigma model is obtained by first introducing the minimal coupling 

of the one-forms in the kinetic term of (14.91) and then adding the term 

^jfL^sP^AC^ (4.14) 
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to fl4.9l) . as shown in [S]. The resulting gauged sigma model is 
Sc^ia, = \ i GP^ A + i i" MabV" a + i i" a * + 1 ^ a * 



(4.15) 



where 

Ja = MabV" - Lab *V'' + Ja (4.16) 
The self-duality constraint (14.101) may be written as 

Ja = 

The gauging consists of adding the linear term 

^^C'a^Ja 

which, because of the polarisation projector in the definition fl4.13p of C^, is a coupling to 
half of the components of J'a- Then further terms, including ones quadratic in the gauge 
field, are added to obtain gauge invariance. The coupling A *J'a leads in the quantum 
theory to a BRST charge that imposes the constraint J'a = on physical states, as will 
be shown in section 4.6. 

The action fl4.15p can be expanded out by substituting in the expressions (12.281) . (14.111) 
and (14.131) for the chosen polarisation. By completing the square in the one-forms Ca, one 
can show that the gauged action splits into two parts 

S'c^/gJx,X^,a] = Si[x,z''] + S2[Xa] 

where Xa = {e'^^)a{Cb + dzh) + .... If the polarisation selects a subgroup Gl that is null 
with respect to Lab, then the Lagrangian for 5*2 [Aa] is quadratic in \a and we may perform 
the integration over the gauge fields Ca = {e~^^)a\ + ... to leave the action S'i[x, 2;"]. 
This action is that of the conventional sigma model embedding into the physical {d + 1)- 
dimensional target space CrjGi^ with coordinates = (x, ^i'*). Integrating out Ca gives 
a determinant which contributes to the dilaton term in the action so that the dilaton of 
the conventional sigma model is related to that of the doubled sigma model $ bjfl 

$ = - ^ln(^(x)) 

where g{x) = det{gab{x)). 

Here we have worked with the covering space, in which the vector fields X" which 
generate Gl are well-defined. If they are well-defined in the quotient, then we can make 
the identification x ~ x -|- 1 to obtain the theory on the quotient. If this is not the case. 



"^It is this, T-duality-invariant, dilaton <f> which plays the role of the string coupling in String Field 
Theory [40l|4T]. 
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there is no global description, and one is led to working with different polarisations in 
different patches, as discussed in [7]. 

Different choices of polarisation select different sets of generators T4 to be identified as 
the X"- and therefore a different embedding Gl, G'l^, ... of the abelian subgroup M.'^ C Ql- 
In this way, different choices of polarisation lead to different gaugings and results in 
recovering sigma models for different backgrounds from the doubled sigma model fl4.9p . 

4.5.1 Example: Recovering J\f Prom T 

To see how this works in practice, we consider how the sigma model for a conventional 
T'^ bundle background given by the action (14. 4p is recovered from (14.91) given a choice 
of polarisation. Consider the case discussed in section 2.1 in which the only non-trivial 
element of the twist matrix is /"b = U'^AN^B^b^, and the i?-field is zero. In this example, 
general elements g E Q and h E T may be written as 

g=\ (e-^^)„^ ~Za\ h=\ (e-^°)„^ 

\0 01/ \0 1/ 

This polarisation selects a subgroup Gl ^ M'^ C generated by X" where 

-^2^ ^ "n ^ f^^^Tm ~ fa^b-^ Za = -r— = -—- 

ox OZ"' OZa OZ°' OZa 

These vector fields are not invariant under F, but transform as 

and we see that, as expected, G^ is preserved by F. The quotient M ^ T /Gl is therefore 
well-defined. 

We introduce the one-forms Ga and their SL{d; Z)-twisted counterparts = and 
Ca = {e~-^^)J'Gh and the background fields 

M^^-(^^' ^ -( "^^^^ 

-^AB - ^ Q f^ab ) ^ - - ^ J 

In this polarisation the currents (14.61) and (14.161) are given by 

ja ^ ^aAj^ ^ j^abQ^ _ ^^pa ^ ^a) ^ j^Aj^ ^ j^^^^pb ^ ^b^ _ 

where P" = {ef'^Ybdz^ and Qa = {e-f'')J'dzb. 

Using these expressions for M-ab^ ^"^5 '^A ^"^^ (14.151) gives the Lagrangian 

/:r/G, = ^ + \KbA\A^^ A *P^ + ^habP" A *P' + ^h'^'Qa A *Qb 

^\Ca A *r + ^P" A * J, + ]^Qa A *r + ^P'^ A + \}f''Ca A 
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where we have used the fact that fl^j^dH^ A c?X^ = 2dz°- A dza = 2P'^ A Qa- Completing 
the square in Ca gives the action [x, X"^, Ca] = Si[x, 2°] + 5*2 [Aa] where 

Si[x, z''] = ]^j{l + KbA\A\)P^ A*P^ + ^^ habP'' A + A *Ja 

is the standard sigma model (I4.4p on the torus bundle Af given by a T'^ fibration over 
Si with metric in the torus fibres given by gab{x) = {e^^) a^hcd[&^^Yh and connections 
(e-^^)^A^ The action S2[\a] is 



h'^'Xa A *A6 

E 



where Xa = Qa + Ca — hab * {P^ + A^) appears quadratically. The fields Ca, not A^, appear 
in the measure of the path integral and integrating out Ca gives a shift to the dilaton 



0^0_lln(^(a;)) (4.17) 



where g{x) = det{gab{x)). 



4.6 Gauging, Quotient Spaces and the Self-Duality Constraint 

Gauging reduces the sigma model on T (or Cr) to that on the quotient T/Gl (or Ct/Gl)- 
We now review how this gauging imposes the constraint (14.101) . using BRST arguments. 
For simplicity, consider the case of a trivial bundle where = 0. The gauged action 
may be written as 

,Q = -A HABdX^ A *dX^ + - (f nAsdX^ A *dX^ + - (f dxA*dx 

+ ^ ^ a A * J'^ + ^ ^ g'^'Ca A *Cb (4.18) 

where the current J'"' = U""^ {e~^^) >7b and we have written g°'^{x) = HAsix)!!'^"']!^'' . 

The self-duality constraint ( ]4.10p is J'a = and it was shown in [8j that this is 
implied by the apparently weaker constraint J'"' = 0. We now review how the gauging 
corresponding to a polarisation 11 constrains the current J'°' to vanish in the quantum 
theory. 

It is useful to write the action in world-sheet light-cone coordinates = r ± o" where 
d± = {dr ± d„)/2. The gauged action may then be written as 

^Cr/Gr. ^ ~\j 'HABix)d+X^d-X^ - ^ ^ d^^ VlABd+X^d-X^ - j d^i d+xd-x 

-\j^d^i {C.aJ+'' + C^aJ-") -ifj'^ g^\x)C.aC+b (4.19) 

For simplicity, we neglect global issues due to the action of F and consider the doubled 
target space of the ungauged sigma model to be the cover, Cr- 
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The action fl4.19p is invariant under the infinitesimal Gl gauge transformations 

5,X^ = U^'^ea 6,Ca± = -d±e, 6,x = 

We will fix this with the gauge choice C_a = (strictly speaking, in general one would need 
to set C-a to a constant modulus and integrate over that modulus). We introduce a ghost 
field Ca for these transformations, and an anti-ghost field 6+° and Lagrange multiplier field 
7r+". The BRST transformations with Grassmann-odd constant parameter A are then 



5qX^ = An^"c, 5qC_±, = -Ad±Ca 6QCa = 

5qx = 5q6+" = A7r+» SgTr^- = 

We gauge fix by adding the BRST exact term Sq to the action given by 

ASq = 6q^ d^i b+^C-a 

so that 



(4.20) 



Sq= (t d'i n+'^C-a + f d'i h+'^d.Ca (4.21) 

The Lagrange multiplier field 7r+'^ imposes the gauge condition C-a = 0. The equation 
of motion for C-a gives the on-shell value of ir^"' as 

Integrating out 7r_|_", the action is now 

^Ct/Gl ^ ~\j nABd+X^d-X^ -^({ d^^ riABd+X^d-X^ - / d^^ d+xd^x 



d^^ C+aJ-"" + j> d^i b+^d.Ca (4.22) 



which has the BRST symmetry 

(4.23) 



6qX = AU^'^Ca SgCa = <5qC+, = 



5qx = 5Qb+^ = |A {J+- + g''''C+,) 

where 7r+'^ has been replaced by its on-shell value. We see, from (14.221) . that C+a is a 
Lagrange multiplier field which enforces the constraint ^TL" = 0. Integrating out C+a in 
fl4.22p gives the action 

Sc^/G, = —jj^i^ABd+x^d^x'' ~]^j^d\nABd+x^d_x'' 

- I d^i d+xd.x + I d^i b+^d^Ca (4.24) 
/e /e 

which has BRST symmetry 

5qX = AU^'^Ca SgCa = 

6qx = 5Qb+- = IAJ+- 
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generated by the BRST charge 

Q = j jQ = \jdtcaJ+'' (4.25) 

The physical states are the Q cohomology classes with ghost number zero. A state of 
ghost number zero is annihilated by 6+°, so that the physical state condition Q\^) = 
implies 

J+l^) = 

We see then that the BRST constraints imply the J7+" = on physical states, while 
iTL" = is imposed by a Lagrange multiplier. This completes the argument that the 
gauging imposes the constraint J'±°' = 0, and this then implies fl4.10p . as shown in [8]. 



5 Non-Linear Sigma Model Examples 

In this section we revisit the three locally geometric, three-dimensional, examples dis- 
cussed in section 3 from the point of view of the world-sheet theory described in the pre- 
vious section. Recall that each of the examples considered in section 3 could be thought 
of as a fibration over S^.. The base has coordinate x ~ x + 1 and the coordinates on 
the fibres are z"" = {y,z). These backgrounds can be equivalently written in terms of 
the five-dimensional bundle T. The non-linear sigma model, describing the embedding 
of the world-sheet S into the doubled torus bundle T, is then given by the action (14.91) . 
In this section we shall only consider backgrounds in which A"-^ and Bax are zero so that 
Ja = 0- This is done for convenience and the generalisation to more general backgrounds 
is straightforward. We shall also choose the x-independent doubled metric to be = I4. 
The x-dependent doubled metric and connection are then 



Ha 



B 



e^^)A^5cD(e 



Nx\D 



B 



A' 







The gauged sigma model (I4.15P is 

1 



S 



A + i i" dABV" A + i / A *Ja 
+^ y riABdX^ AdX^ + 5abC^ a 



(5.1) 



where 



Ja 



where the two gauge fields Ca are selected by the choice of polarisation. We choose 
coordinates X"^ = (X-*^, X^, X^, X^) on the torus fibres so that the twist matrix N'^b and 
monodromy matrix can be written as 



B 



/ \ 

-m 

m 





/ 1 \ 

-m 1 

1m 

1 
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where m ^'L. From f|2.9p . the twist matrix determines the structure constants of the 
algebra (12.81) . The left-invariant world-sheet one- forms and are 



where = (P^, P^, P'^, P'^) are left-invariant one-forms on Q. The generators of the left 
action Ql also play an important role and, with this coordinate choice, may be written as 



5.1 Recovering the Nilfold from T 



Given the coordinate choice on the fibres above, we recover the Nilfold by the choice 
of polarisation projector 11 and corresponding polarisation tensor O = (11, 11) where 



/l o\ 

1 







n 



aA 



/o o\ 



1 
1 



This means that (Xi,X^) are selected as the physical coordinates y,z and (X^,X^) are 
selected as the auxiliary coordinates y, z, which we write as X^ = {y, z, y, z). From (12.81) 
and (12.91) . this polarisation leads to the only non- vanishing structure constants of the 
gauge algebra (12. 8p being f^z^ = ^zaN^b^^^ = m E 1^. The left-invariant one-forms are 
then 



V^ = ipy,P\Qy,Qz 



where 



P^ = dx 



py 

pz 



dy 
dz 



mxdz 



Qy 

Qz 



dy 

dz + mxdy 



The polarisation projector which acts as X" 
written in this basis as 



H'^^Ta, where H'^^ 



(5.3) 



(5.4) 



WbL^^ can be 



aA 



10 
1 



10 
10 



YlasL^^ has been included for completeness. The projector 11""^ selects out 



where Ha'^ 

the abelian subgroup Gl — M."^ C Ql generated by the vector fields and X^, so that 
the generators of the left action T4 = (Ti, T2, T3, T4) are, in this polarisation, given by 
T| = {Zy, Z^, Xy, X^). The vector fields generating Gl are not globally defined on T and 
under the shift x ^ x + a they transform as 



Xy ^Xy + maX' 



X' 



X' 
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however, we see that F preserves the subgroup Gl C Ql generated by {Xy,X^). 

The quotient T/Gl is therefore a well-defined submanifold of T. 

As described in the previous section, the sigma model on T/Gl is given by gauging 
the Gl C Ql rigid symmetry of the sigma model (15.11) . We introduce the world-sheet one- 
forms Gy and Gz and, as described in section 4.5, the duality-twisted gauge fields C"^ = 
{e^^)^B^^'^Ga- Using the polarisation projectors and the expression for the monodromy 
matrix in (13. ip and (13.111) . it is not hard to show that the twisted gauge fields C"^ and the 
constraint current J'a are written in this polarisation as 

/ - *Qy \ 

C^ = iO,0,Gy,G, + mxGy) J, = 



Qy - 



(5.5) 



from which it is clear that the vanishing of the current JT^ implies = *Qy and P^ = *Qz- 
As argued in the previous section, it is enough to show that if JT"" = U'^^J'a is constrained 



to vanish then J7a must also vanish. The minimal coupling — > V^+C^ = (e^^)^BT'X^ 
introduces gauge-invariant derivatives for the dual fibre coordinates; 

dy dy + Gy dz ^ dz + Gz 

Substituting (15. 3p and (15.50 into the gauged doubled torus sigma model (14.151) and noting 
that the topological term may be written as 

^^Asd^^ A rfx^ = ]^py A + ip^ A Qz 



the Lagrangian of the gauged action can be expanded out to give 



■'T/Gf 



-p^ A + -py A *py + -p' A *p' 

2 4 4 



+ -Qy A *Qy + -Qz A *Qz + ]:Cy A *Qy + z A *Qz + 'C y A *Cy + ^ A *C z 



4 



4 



4 

-hzy Apy- hzz AP' + ^py a + a 

After a little rearrangement, this can be written as 

C^/r = -P"" A*P'' + -py A*py + -P' A*P' 
^/<-/ 2 4 4 

+ -{Qy + Cy) A *{Qy + Cy) + -{Qz + C z) A * (Q , + 
^Py A{Qy+Cy) + ^P' A{Qz+Cz) 

Completing the square in Qy + Cy and Qz + Cz gives the action 



4 



where 



P^ A *P^' + 



py A *py + 



P' A *P' 
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is the action for the sigma model with the nilfold as target space and 

5'2[A„] = ^ y \ + ^z^*K 

where 

Xy = Cy + dy — *dy = + dz + mxCy + mxdy — *dz 

The topological term 5*^ does not contribute to the equations of motion but plays an 
important role in the quantum theory as it allowed us to complete the square and sepa- 
rate the action into two distinct parts without dropping surface terms. Eliminating the 
auxiliary fields Ca leaves the action for the nilfold sigma model, as required. 



5.2 Recovering the with iif-fiux background from T 

Given the coordinate choice on the fibres above, we recover the background with 
constant H-finx by the choice of polarisation projector 11 and corresponding polarisation 
tensor G = (11, 11) , where 



A 



/o o\ 

1 

1 




/i o\ 



1 



(5.6) 



This means that (X^,X^) are selected as the physical coordinates {y,z) and (X^,X^) are 
selected as the auxiliary coordinates {y, z), so that X"^ = {y, z, y, z) and the corresponding 
one-forms are = {Qy,P^,P''^,Qz) respectively. From (12. 9p and (15.61) . this polarisation 
leads to the only non- vanishing structure constants of the gauge algebra (12. 8p being K^y^ = 
IlyAN^B^z^ = m e Z, and the left-invariant one-forms may be written 



px 



dx 



py 

Qy 



dy 
dy 



mxdz 



pz 

Qz 



dz 

dz + mxdy 



(5.7) 



The generators of the left action Ta = (Ti, T2, T3, T4) are, in this polarisation, given by 
= , Zy, X^). The polarisation projectors 11""^ and lia^ can be written in this 
basis as 



aA 



10 
1 



0010 
0100 



The projector 11"^ selects out the abelian subgroup Gl ~ C ^ generated by the vector 
fields X^ and X^. These vector fields are globally defined on T and so the quotient T /Gl 
is therefore a well-defined sub-manifold of T. 

The sigma model on T /Gl is given by gauging the Gl C Ql rigid symmetry of the 
sigma model (15. ip . We introduce the world-sheet one-forms Cy and and, as described in 
section 4.5, the duality-twisted gauge fields = {e'^^)^B^^'^Ca- The minimal coupling 
introduces gauge-invariant derivatives for the dual fibre coordinates; 



dy dy + Cy dz dz + C^ 
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The twisted gauge fields are written in this polarisation as 

C^ = (0,0,C„a) (5.8) 

Substituting fl5.7p and fl5.8l) into the gauged doubled torus sigma model 04.151] and noting 
that the topological term may be written as 

^n^^dX^ A dX^ = AQy + AQz + mxdy A dz 
the Lagrangian of the gauged action can be expanded out to give 

Cr/G, = ^P"'A*P- + ^P^A*P^ + ^P^A*P^ + ^P^A(g, + C,) + VA(g, + C,) 

1 1 
+-{Qy + Cy) A *{Qy + Cy) + -{Q^ + ) A *{Qz + ) + uixdy A dz 

If we now complete the square in Qy + Cy and Qz + the action splits in two = 

Si[x, z"'] + 5*2 [Aa] where 

5*1 [x, z""] = - ([ dx A *dx + - (£ dy A *dy + - <£ dz A *dz + f mdx Ady Adz 
^ Jt, 2 ^ Jt. Jv 

The term involving the P-field B = mxdy A dz has been written as a three-dimensional 
integral of the if-field strength H = mdx Ady A dz, pulled back to a three-dimensional 
extension of the world-sheet V where dV = S. 5*2 [A^] is given by 



X, A *A, 



where 

\y = Qy + Cy- K = Qz+Cz- 

Eliminating the auxiliary fields C leaves the action 5*1 for the sigma model whose target 
space is a with constant flux H = mdx Ady A dz, as required. 



5.3 Recovering the T-Fold from T 



We recover the T-fold background by the choice of polarisation projector 11 and corre- 
sponding polarisation tensor 6 = (11, 11) 





1 


o\ 


















V 








n 



aA 








o\ 







1 




1 





V 





0^ 



(5.9) 



We will work with the covering space of the T-fold, so that x is for the moment regarded 
as non-compact. This means that (X^,X^) are selected as the physical coordinates {y,z), 
so = {y,z,y,z) while = {py ,Qz,Qy, P'). From ([21]) and dEl, this polarisation 
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leads to the only non- vanishing structure constants of the gauge algebra fl2.8p being Qx^^ = 
WaN^b^'^ = m G Z. The left-invariant one-forms may be written as 



= dx py = dy — mxdz P^ = dz + mxdy ,^ 
Qy = dy Qz = dz 

The generators of the left action T4 = (Ti, T4, T3, T4) are, in this polarisation, given by 
Ta = {Zy, , , Zz). The polarisation projectors can be written in this basis as 



aA 



I 












r 





1 
















V 


1 





1 



n 



The projector 11°^ selects out the abelian subgroup ~ C ^ generated by the vector 
fields X^ and X^. These vector fields are not well-defined under the shift x ^ x + a and 
transform as 

Xy ^ + maZ' X' ^ X' - maZ^ 

and r does not preserve the subgroup Gl generated by These generators are 

well-defined on the cover Cr — Q/^c, where Tc is the subgroup of F which leaves x 
invariant, and so we consider the sigma model with target space Cr initially here. As 
before, it is useful to introduce the left-invariant gauge one-forms = {e^^)'^B^^"'Ca, 
where here we have 

= ( —mxCz , mxCy , Cy , Cz) 

Introducing the gauge-invariant derivatives Vy = dy + Cy and Vz = dz + Cz, the minimal 
coupling + may then be written as 

py ^ dy - mxVz Qy Vy 

P"^ dz + mxVy Qz-^Vz ^ ' ^ 

The Lagrangian for the G^-gauging of the sigma model on the cover Cr is given by the 
Lagrangian 

= -dx A *dx H — dy A *dy H — dz A *dz 

1 1 
+ - (1 + (mxY) Vy A *Vy + - (l + {mxf) Vz A *Vz 

— -Vy A {dy — mx * dz) — -Vz A {dz + mx * dy) (5-12) 

Completing the square in Cy and Cz as before, the gauged theory may be written as 

Cr in = -dx A *dx H z ; — — {dy A *dy + dz A *dz) 

2 2(1 + (mx)2) ^ ^ ' 

mx . . 1 



\ —dy Adz + -(1 + {mx)^) {Xy A *Xy + A *A^) (5.13) 



mx)^ 4 



where 



Xy = Cy + Qy - ——J- — 7^ {*dy - mxdz) Xz = Cz + Qz - -r—-^ — {*dz + mxdy) 
1 + {mx)^ 1 + {mx)^ 
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so we see that the action sphts into two parts S'c^ = Si[x, z°-\ + 5*2 [A^] where 
S'i[x, z"] = - (h dx A *dx +- (p gabdz" A *dz^ + - f Babdz"- A dz^ 

The metric and 5-field on the fibres are 

- 1 ^ ^ B - ( ^ M 

~ 1 + {mxf V 1 ; ~ 1 + {rnxf V -1 ; 

which is the background (13.141) . and 

52[AJ = ^ jf (1 + (ma;)2)rt, A *A6 

The Ca are again auxihary fields that can be ehminated in the classical theory. In the 
quantum theory, the Jacobean between the Aa and the Ca is trivial but the integration over 
the Aa gives a non-trivial x-dependent shift of the dilaton due to the factor of (l + (ma;)^)/4 
in front of the A^ terms. The correction to the dilaton is 

^ $ = - ln(l + {mxY) 

The result is the sigma model with action Si plus a dilaton term, so that the target 
space is a fibration over the line Mj. - a cover of the T-fold. The conventional T-fold 
background is recovered by the identification x ~ x + 1 so that Rx> — > 5*^ as described in 
section 3. 



6 Worldsheet Theory for the Doubled Twisted Torus 

As discussed in sections 2.4, 3.3 and [22], we propose to extend the doubled torus con- 
struction for the models of sections 2.4 and 3.3 by introducing an additional direction 
with coordinate x that is conjugate to the winding number on the x-circle. This then 
gives a full geometric interpretation to the gauge algebra (12.81) as the generators then 
all act geometrically on the enlarged space. From the group-theoretic point of view, this 
extension is natural and we shall see that the models of section 3.1 and section 5 are recov- 
ered. However, this extended formalism also suggests a formulation of models that have 
non-trivial R-fiux that might arise from the action of a generalised T-duality of the kind 
proposed in [10]. In this section, we discuss the world-sheet theory for the sigma- model 
whose target is this doubled space, and the constraint that halves the doubled degrees of 
freedom and allows the conventional formulation to be recovered, at least for the locally 
geometric backgrounds. However, it also leads to a formulation on backgrounds that are 
not even locally geometric. 

We represent the Lie algebra (12. 8p as acting on the 2{d + 1) coordinates (x, x, X^) of 
A", where X"^ are the coordinates on the doubled torus fibre T^*^, as 
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The one-forms dual to these left-invariant vector fields satisfy the Maurer-Cartan equa- 
tions 

dV^ - N^bP"" AV^ = dQ^- ^NabV^ AV^ = dP"" = (6.2) 

which are solved by 

-pA ^ (^^Nxy^^^B Q^^dx + ^NAB^'^dX^ = dx (6.3) 

It is useful to define P*^ = V^^ idX^ as the one-forms on X satisfying the Maurer-Cartan 
equations 

dV^' + hj,p^'V'' AV"" = Q (6.4) 

where t^B^ = -N^b and t^^AB] = -Nab- 

The global identifications of the z", Za and x coordinates are fixed by identification 
with the doubled torus formalism. The global identification of the x coordinate remains 
to be determined. From a comparison with the case Imn^ = 0, where X = T'^^'^'^^\ in 
which we know that the radius of x is the inverse to that of x (in appropriate units), we 
expect the entire space X to be compact. 

More generally we consider a general 2D-dimensional twisted torus X = Q /T for a 
group with Lie algebra 

\rM,TN]=tMN^Tp (6.5) 

which are not necessarily of the form t^B^ = —N^b and t^^AB] = —Nab- For example, a 
conventional compactification on the D-dimensional twisted torus A/" = G/T', where F' is 
a cocompact subgroup of G and G has Lie algebra 

7 1 — — f P7 

mi J mn 

gives rise to a doubled group Q = G\kW^ where tmn' = -fmr?- Unless the twisted torus 
is a torus bundle the algebra of the doubled group will not be of the form 02.121) . 
Furthermore, if a left-invariant if-flux, Kmnp-, is also included in the reduction then the 
algebra is deformed further and the structure constants for the algebra are tmn' = —fmn' 
and imnp ~~ ^mnp SO that |21j 

[Zm, Zn] = —fmn'Zp + KmnpX^ [Zm-,X"'] = —fmp^X^ [X*", X"] = (6.6) 

Backgrounds that are not torus bundles cannot be described by the doubled torus bundle 
T. However, they can be incorporated into a doubled twisted torus X. 



6.1 Non-Linear Sigma-Model for the Doubled Twisted Torus 

The Action describing the embedding of a closed string world-sheet S into the target 
space X is 

Sx = - I d^aVkh^f^HudaX^d^X-^ + 7^1 d^a'c^'f^'^' ICuKd^'X^d^^X^dyX^ 
4 Je 12 Jy 

+ — (p d'^aVh<pR{h) (6.7) 
2vr Jy. 
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where V is an extension of the world-sheet, with coordinates a"' , such that dV = S. We 
shall choose a gauge in which the world-sheet metric hajs is fiat and Lorentzian and so the 
world-sheet Ricci scalar R{h) is zero and the world-sheet Hodge star is an almost product 
structure *^ = The metric Tiu = 7i/j(X) and Wess-Zumino field strength are given 
by 

Hij = MmnV'^jV^'j ICjjK = tMNpV''lV''jV''K 

so that the line element and three-form on the twisted torus X may be written as 

ds% = MmnV"' ® /C = ItMNpV^' A A 

o 

where V = Q~^dQ are the left-invariant one-forms, M.mn takes values in the coset 
0{D,D)/0{D) X 0{D) and is talcen to be independent of X-^ and tuNP = LMqtNP^ 
are the structure constants for the Lie algebra fl6.5p . We can write the Wess-Zumino 
field strength as ICijk = tMNpV^^ iP^ jV^ k = tMNpV^' iV^ jV^ k, where V = dGQ-^ is 
the right-invariant one-form for the group Q. We see then that the sigma model has a 
manifest, left-acting Ql symmetry. The Wess-Zumino term is invariant under Ql x Q^, 
but the kinetic term which includes the metric TijjilC) is only invariant under Q^. We 
recall that, on the twisted torus X = Q/T, only that subgroup of Ql which is preserved by 
r will have a well-defined action. Note also that the Wess-Zumino three-form /C satisfies 
die = by virtue of the Jacobi identity t[MN^tp]Q^ = 0. An open string version of this 
theory is considered in [12]. 

6.1.1 The Constraint 

The model has double the required degrees of freedom, so we seek a generalisation of the 
constraint fl4.10p to halve these degrees of freedom to leave the correct number. Under 
infinitesimal variations in X^, the left- invariant one-forms change as 

5V^' = V^'id{5X^) + {djV^' i)5X^ dX^ (6.8) 

The equations of motion of the action fl6.7p are then given by 

d * MmnV" + MnpImq^'V^ a + LMNdV" = (6.9) 

The equations of motion (16.90 and Maurer-Cartan equations (16.40 are consistent with 
d{V^ - L^^^Mnp *V^) = 0. We shall then impose the constraint 

generalising (l4.1Up . 

6.1.2 The Constraint from Gauging 

From section 2.4, the conventional spacetime is recovered locally from the doubled twisted 
torus as a patch of the coset Q/Gl where G d Ql \s a. left acting subgroup that is also 



70 



maximally isotropic (i.e. the Lie-subalgebra is a maximally null subspace of the Lie 
algebra of G with respect to the metric Lmn of signature {D,D)). A non-linear sigma 
model with target space Q/Gl is obtained by gauging the left-acting Gl C Ql isometry 
subgroup of a non- linear sigma model for the target space Q. The sigma model 

Sg = ^ (f HijdX^ A *dX-^ + ^ [ KijKdX^ A dX-^ A dX^ (6.11) 
4 Je 12 Jv 

has rigid Ql symmetry, generated by the vector field 



dX^ 



We shall be interested in gauging the null subgroup G, which acts as Q gQ for g E G. 
Gl is generated by the vector field X"^ = 11™*^ Tm so that 



IM 



dX^ 



Suppose for now that = W^^W^^W^tMNP = so that the X"" generate a group 

Gl with Lie algebra 

We will return to the case when R ^ later. Under the action of the isometry the 
embedding fields transform infinitesimally as 

SX' = emX'^X' = n"^*^(p-i)A/em 

where the parameter is now local, e e(r, a). We introduce Lie algebra valued one-forms 
Cm which transform as connections under the gauge symmetry 

SCm = dem ~ f ^m^pCn (6.12) 

and the covariant derivatives 

VX^ = dX^ + X^'CmX^ = dX^ + {V-^)M^Il^^""Cm 

The kinetic term in (16.111) can be made gauge invariant simply by minimal coupling giving 
the gauge-invariant kinetic term 



SKin = \£nijVx' A*vx-^ 



The gauging of the Wess-Zumino term is not simply a minimal coupling as the B 
field is only invariant under the isometry action up to a gauge transformation. The 
gauging is achieved following the general prescription of [l3j. Under an infinitesimal 
gauge transformation, the Wess-Zumino term changes by 
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where is the contraction with the vector field e = emX"^ and can be written as = 
em^"^^\'P~^)A/ii. We have used the fact that dIC = so that 6elC = {ied + die)IC = di^JC. 
It is useful to define a one-form v"^ = v'^jdH^ on Q by 

V — 11 iJMNr 

which satisfies 

emdv"^ = iefC 

Then the variation of the Wess-Zumino term can be written 

1 
2 



5,S,„^ = -- (b de-mAv"" 



This variation can be canceled by adding the term 

Sc = ^^GmAv"' (6.13) 
where Cm is the gauge field transforming as f l6.12p . It is not difficult to show that 

so that 

S,S, = ]^j {dem Av^ + LMivn'"^n"^C„ A den) 
The first term cancels the variation of the Wess-Zumino term so that 

SeiS^z + s,) = Id^^ I Cm A den c"^" = LMivn™^n"^ 



2 



s 



Since we require that the polarisation H"^^ is null with respect to Lmn, the coefficient 
c™" vanishes and S^z + Sc is gauge invariant. The full gauged non-linear sigma model on 
Q is then 



Sg/G = - f T<ijT^^^ A *VX^ + -(pCmAv"' + — KijKdX^ A rfX^ A dX^ 

2/2 12 Jy 



We stress the fact that the gauging requires that v*" is globally defined and the gauge 
group Gl C Ql is maximally isotropic, i.e. the polarisation is null. 

We define the one-forms C = Q-^CG so that At;™ = LmnC^ AV^ and the gauged 
theory can be written as 

Sg/a = \£ MmnV^'a*V''+^ £ C''a*Jm+\ £ MmnC'' A^C" +^ WP'^AP^AP^ 
where 

Jm = MmnV^ — Lmn * 
We note that the constraint (16.101) may be written as Jm = 0. 

As in the doubled torus construction, the conventional undoubled theory is recovered 
by eliminating the gauge fields C^, which again appear quadratically as auxiliary fields. 
In the quantum theory, integrating out Cm generates a shift in the dilaton. 
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As an example, let us consider a general twisted torus with if- flux as discussed at the 
beginning of this section and in [33l [21]. The doubled group Q in this case is generated 
by the Lie algebra (16. 6p where the non-zero structure constants of the algebra (16.51) are 

^rn^^n^^^ ptMN^ = fmn' t M N P = Kmnp 

The Maurer-Cartan equations for the left-invariant one-forms on Q are 

dP"^ + ^/np'^P" ^PP = Q dQm- fmn^Qp A P" " ^K„,npP'' A = (6.14) 

These one-forms are dual to the vector fields generating the right-acting gauge algebra 
(16. 6p . The right-invariant left action, is generated by T4 = {Zm,X"^) which satisfy 
the Lie algebra 

[•^rrt) -^n] fmn ^p ^rnnp-^ [-^m? ] fmp [-^ ; ] 

Gauging the left acting subgroup Gl generated by X"^ requires the introduction of the 
one-form fields Cm by minimal coupling 

'P = g-^dg^g-'vg = g-'{d + c)g (6.15) 

It is useful to define C = G^^CQ, so that 

pA/ ^ pA/ ^ ^ ^g-icg^' (6.16) 

In the current example (16.141) one can show that n^rC"'^ = and we may write 

-pM ^-pM ^^M ^Yl^Im^^ ^ Q^^Q^^Cm (6.17) 

where Cm = UmAiC^ ■ 

The gauged action is then 



where, for this example, the Wess-Zumino term is 

Swz ~ 7 / fn-p Qm A P A P^ — — / KmnpP A P A P^ 
4 Jv -L^ Jv 



= ^j^P"" AQm + \ j^KmnpP"^ AP"" AP" (6.18) 

Note that we have used the fact that P™ A Qm is globally defined to write the two- 
dimensional term. Expanding the gauged action using (I6.18P and then completing the 
square in C^, the doubled action may be written 

5 = X Q^7™,nP"^ A *P" + ]^BmnP'^ A P'^ + -^g'^'^Xm. A *A„,^ + ^KmupP"" A P" A P^ 
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where 



— Qm~\~Cm 9mn * P B^^riP (6.19) 

The Am can then be integrated out to give a theory whose target space is a twisted torus 
with i^-flux. As in the doubled torus construction of section 5, the change in variables 
from Cm to Am introduces a determinant in the path integral which gives a shift to the 
dilaton. 

Recovering the Doubled Torus 

Upon gauging the left action x ^ x + e generated by and integrating out the cor- 
responding gauge field C^, the doubled twisted torus formalism for the duality twist 
construction reduces to the doubled torus formalism of section 2 as we now show. The 
x-independent tensor M.mn for an 0((i, (i)-twisted reduction is given by [22j 

/ 1 + MabA^^A^^ + 6^ h BLacA^^ + MacA^x 

Mmn= I b 1 LacA^x 

\ hLBcA^x + MbcA^x LacA^x Mab + LacLbdA^xA^, 

where b = \LabA^xA^ x- The WZW term for the doubled group sigma model ( 16. lip 
with t^A^ = -N^A and t^AB = -Nab is 

Sn.. = -^j^NABP''AV^AV'' = ^£p^AQx (6.20) 

and the action for the doubled group sigma model may then be written as the integral 
over the two-dimensional Lagrangian 

C = ^MMN{V''' + C'')A*iV'' + C^) + ^P^AC, + ^P^AQ, (6.21) 

where 

Expanding this out and completing the square in Cx, the expression may be simplified 
considerably 

C = lMABV^A*V''-^V^A*JA + ^gP''A*P'' + ^X,A*X, (6.22) 

where Ja = M.abA^ — Lab * A^, we have defined A^ = A^xdx, and 

A. = Qx + C,-*P'' + bP^ + LABA^,V'' 
9 = I + ^MabA^xA''^ (6.23) 

Integrating out A^,. gives the doubled torus sigma model (14.91) of [7]. 
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6.2 Recovering the conventional background 



In this section we derive the prescription for constructing the physical metric and if-field 
strength from the doubled geometry that was presented in section 2.6. In particular, the 
strange expression for the if-field strength (12.631) arises quite naturally from the world- 
sheet point of view. We shall assume here that the generators close to generate a 
subgroup G and so a conventional description does exist, i.e. we take R^^p = 0. We shall 
generalise to the R^^p ^ case in the following section. 

We recall from (12.601) that the left-invariant one-forms on X may be written as 

pM ^ ^Ny^M^^^ 24) 

where 

$* = (r-,g^) 

where r™ and are defined in section 2.6. The V^^(x) may then be used to define the 
metric Ti-j^ff^x) = Ai Pq'^^'^ n whose components define a metric Qmn and 5-field Bmn 
by 

^MN[^)-y gmpB^^ gmn ) (6.25) 

The gauging of the Gl subgroup may then be achieved by the minimal coupling — ^ 
Qm + Cm and the addition of the term Sc given in (16.131) . Expanding the gauged sigma 
model action using (I6.24p and (I6.25P gives 

S = l£ (9mn + Bmpg^'^B^r.) r'" A *r" + ^ £ Bmyg'"'r^ A * + C)„ 
+ ^£g^''{q + C)mA*{q + C)r. + l£r'^ACm + lJ^}C 
Completing the square in Cm, this action may be written as 

S = gmnr"" A *r" + i / Bmnr"" A *r" - i / A (jm 



where 



Am Qm ~l~ Cm gmn * ^ BmnT 



Integrating over gives a shift in the dilaton as in (I4.17P and we recover a conventional 
world-sheet description of the theory 



S = - (f gijdx" A *dx^ + / 
2 /e Jv 



where 

g^J = gmnr"'^r'', H = dB - -d (r'" A qm) + -JC 
as claimed in section 2.6. 
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6.3 Compact ificat ions with i?-Flux 



In section 2 we discussed the doubled torus description of target spaces that could be 
constructed as T'^ fibrations over 5*^ with monodromy in 0{d, d; Z). The natural action of 
0{d, d] Z) on the theory in the fibres related different polarisations by T-duality. There is 
some evidence that there should still be a T-duality on the base circle [TU] that exchanges 
with and would act on the structure constants in the gauge algebra (12.101) as 

Kxab fab^ fxa — ^ Qa^ Qx°^ — ^ -R^"* (6.26) 

to give the algebra 



[Za, Zb] — fah^Zx [X", Z5] — —Q^"-hZx ] — R^"^ Z^ (6.27) 

As discussed in section 3.3.2, it was conjectured in [10] that the structure constant 
C-R-flux') corresponds to a background constructed with a twist over a dual circle 
(with coordinate x conjugate to the winding number). An example of such a background 
is that which arises from the conjectured T-duality of the T-fold in section 3 along the x 
direction ^0\. The algebra (16.271) in this case is 

[X^ X^] = mZ, [Xy, X'] = mZx [X^ X^] = mZy (6.28) 

All other commutators vanish. The generators X™ (the right-invariant counterparts to 
X"^ above) do not close to form a subalgebra. As such, we cannot integrate out the Xm 
completely to get a target space described solely in terms of the x"^. In the classical theory 
however, we can use the self-duality constraint (I6.10p to remove the dxm dependence and 
write the doubled theory in terms of the Lagrangian C{x, dx). 

We choose to write the one-forms on A" in a way that makes manifest the cyclic 
symmetry of the coordinates 

= dx — nydz + nzdy = dx 

py = dy — nzdx + nxdz Qy = dy (6.29) 
P^ = dz — nxdy + nydx Qz = dz 

where 

^xyz = m = 2neZ 

With a little work, the self-duality constraints {Qm = *SmnP"'), given by (I6.10p with 
■M.MN = ^MN, can be written in terms of Xm and dx"^ only 

Qx = — (Cx * dx + n^xy * dy + r?zx * rfz + nzdy — nydz) 
Qy = — {C,y * dy + n^yz * dz + n^xy * dx + nxdz — nzdx) 
Qz = — {Cz * dz + n^zx * dx + n^yz * dy + nydx — nxdy) (6.30) 
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where 

T = l + n^{S:^ + f + 2^) (6.31) 

and 

a = 1 + {nxf C, = 1 + {nyy C. = 1 + {nz^ (6.32) 
Note that using the constraints Qm = *SmnP"', one can show 

xdx + ydy + zdz = * {xQx + yQy + zQz) (6.33) 

This result is useful in determining the expressions (16.301) . The classical equation of 
motion for the a;-coordinate is then given by the Maurer-Cartan equation dQx = and 
(I6.30p so that, for example, the x equation of motion is 

d ^— {C,x * dx + n^xy * dy + n^zx * dz + nzdy — nydz)^ = (6.34) 

The y and z equations of motion are given by cyclic permutations of this. These equations 
of motion may be recovered from the action 

S = - (f gmndx"^ A *cia;" + - / B^ndx"^ A dx"" (6.35) 



r) r Jii^ii. ' r) 

where the metric and B-field are 

^ . r?xy n^zx 

g = — \ ri^xy (y n^yz | 5 = ^ | — 5 x \ (6.36) 



T 



n^zx 11? yz (z 




We see that it is possible to remove the dx"^ dependence and give a Lagrangian which 
depends explicitly on the 'winding' coordinates Xm and dx"^. This is reminiscent of the 
results found in [TTl [151 fT6] . 
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